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Abstract 

We consider inverse boundary value problems for elliptic equations of second order of determining 
coefficients by Dirichlet-to-Neumann map on subboundaries, that is, the mapping from Dirichlet data 
supported on <9f2\r_ to Neumann data on <9S7\F+. First we prove uniqueness results in three dimensions 
under some conditions such as T+ U T_ = dQ. Next we survey uniqueness results in two dimensions for 
various elliptic systems for arbitrarily given F_ = T + . Our proof is based on complex geometric optics 
solutions which are constructed by a Carleman estimate. 

1 Introduction 



Let f2 C R™, n = 2, 3,..., be a bounded domain with dil <E C 2 . Let v — v{x) be the outward unit normal 
vector to dVl at x and = Vv ■ v. We consider the conductivity equation: 

V • (7VU) =0 in 1! (1) 

with the Dirichlet boundary condition 

v = f on dft. (2) 

We assume suitable regularity for the conductivity 7 and the boundary condition /. For example, let 7 
belong to the space C 2 (tt) and be a strictly positive function on fl and / e H^^dil). Then there exists a 
unique solution v € to (p} and and we can define 7^ G H~2(dfl) (e.g., Lions and Magenes [59] ). 

We call the map / i-> 7^ the Dirichlet-to-Neumann map. Since the Dirichlet-to-Neumann map depends on 
the conductivity 7, we denote it by A 7 : 

A 7 / = 7^, V(/L y )=H^(dQ). 
This article is concerned with the following boundary value problem: 

Inverse boundary value problem. Determine the conductivity 7(2;) from the Dirichlet-to-Neumann map 



This inverse problem is a theoretical basis for example, for the electrical impedance tomography and 
often called Calderon's problem. As for applications, we refer for example to Cheney, Isaacson, and Newell 
[15] . Holder [26], Issacson, Muller, and Siltanen [45], Jordana, Gasulla, and Pallas- Areny |51j . 

In this formulation, the information for the inverse problem is the operator A 7 itself, which is all the 
pairs of Dirichlet input data / and the corresponding derivatives 7§^- In other words, the formulation of 
the inverse problem requires infinitely many repeats of input-output manipulations. 

Since the operator A 7 : H^(dft) — > H~2(d£l) is bounded for fixed 7 and C°°(c>fi) is dense in Hi(dn), 
we can restrict / € C°°(dfl) for A 7 . More precisely, for 71,72 > 0, G C 2 (S1), we have 

{(/, A 7 J); / e c°°(dn)} = {(/, A 72 /); / e C°°(dV)} 
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if and only if 

{(/, A 71 /); / G Hi(dn)} = {(/, A 72 /); / G ff*(flfi)}. 

Throughout this article, we always consider that Dirichlet input data / from H^(dft). 
Inverse problem for stationary equations 

In general, an inverse problem of determining a spatially varying coefficient in partial differential equation 
in a spatially n-dimensional bounded domain, is called a coefficient inverse problem. For coefficient inverse 
problems for time-dependent differential equations such as parabolic equations and hyperbolic equations, 
one can take extra time-dependent boundary data at most finite times after changing suitable initial values 
to establish the stability and the uniqueness. In this case, one unknown coefficient depends on n spatial 
coordinates, while the extra data depend on the time variable and n — 1 spatial variables (because data are 
limited to the boundary of the spatial domain), and so the data depend on n variables. Thus the data are 
not under-determinative and we can expect the uniqueness. In fact, Bukhgeim and Klibanov proposed a 
methodology for proving the uniqueness. Their method is based on a Carleman estimate which is a weighted 
-L 2 -estimate of solutions to partial differential equations. Later Imanuvilov and Yamamoto established global 
stability results ([36], [37], |38j : here we refer only to these three papers and [75], and there are many remark- 
able works but we do not describe because our main topics in this article are different). This formulation 
requires finite times (sometimes single) of repeats of observations. On the other hand, for a coefficient in- 
verse problem for time-independent partial differential equations, there are no compensating variable such 
as time, and the current formulation by the inverse boundary value problem is the main theoretical setting 
of a coefficient inverse problem, even though it requires infinitely many times of measurements. There are 
various realizations for numerical computation but this is not our scope here. 

Mathematical subjects. 
For the inverse boundary value problem, we state mathematical subjects as follows: 

• Uniqueness. 

Does A 7l = A 72 imply 71 = 72? 

• Stability. 

If A 7l — A 72 is small in view of a suitable norm, then can we conclude that 71 — 72 is small in some 
norm? 

• Reconstruction. 

Given a data set from {(/, A 7 /); / G i? 2(<9S1)}, establish an algorithm for finding 7. Here we assume 
that the data set really comes from some conductivity 7, and do not discuss the existence of 7 yielding 
the data set. 

For the uniqueness, there is a large difference between the two dimensional case (i.e., n = 2) and the 
higher dimensional case (i.e., n > 3), in view of the degree of freedom of data. More precisely, we can explain 
as follows. In n-dimensional case, an unknown function depends on n number variables. On the other hand, 
our boundary data are the set {(/, A 7 /); / G Hi{dVlj} and so are pairs of Dirichlet data and Neumann 
data which both depend on (n — 1) number of variables and it can considered as data depending on 2(n — 1) 
variables. Therefore 

Case n = 2: we have 2(n — 1) = n. The inverse problem is formally determining. 
Case n > 2: we have 2{n — 1) > n. The inverse problem is overdetermining. 

Naturally the methods for cases n = 2 and n > 3 are different. Moreover, as we will explain in later 
sections, in the two dimensional case, one can construct a larger set of complex geometrical optics solutions, 
which arc the key ingredient for the uniqueness of the inverse boundary value problem. 

Inverse boundary value problem for Schrodinger equations 

We consider the second order elliptic operator of the form 

L q (x, D)u = Am + q(x)u = 0, in f2, 
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which is called a Schrodinger equation with potential q. Then we note that the uniqueness for determination 
of conductivity can be derived from the uniqueness for determination of some potential q for the Schrodinger 
equation from the following Dirichlet-to-Neumann map 

A(g)/ = ^U, (3) 

where 

L q (x, D)u = in n, u\ an = /, u G H^Q). (4) 

We note that if is not an eigenvalue of the Schrodinger equation, then the operator A(q) : H^(dfl) — > 
H~i(dn) is correctly defined. Then the uniqueness in determining 7 in the conductivity equation by A 7 
follows from the uniqueness of determination for the potential q by the Dirichlet-to-Neumann map A(q): 
Indeed, if 71,72 € C 2 (fl) be strictly positive functions in and A 7l = A 72 , then it is known that (see e.g., 
Alessandrini [3]) 

d^/i (?72 

7i = 72, -5— = -5— on dfl, (5) 
ov ov 

Let v solve the conductivity equation 

V • (7VU) = in D,. 
Then, setting q — — and u = y/jv, we have 

L q (x, D)u — Au + q(x)u = in il. 
This observation combined with (JSJ implies 



7i / V V72 



Therefore, by the uniqueness result of q by the Dirichlet-to-Neumann map ([3]) and we can derive the 
equality ^0- = that is, 

Aw yj±w = in fi (6) 

x/72 



with w = ^/tT — By (O we have 

wan = ^-an = 0. (7) 

Applying to © and ([7]) the classical unique continuation for the second order elliptic operator (see e.g., 
Chapter XXVIII, §28.3 of [27], Corollary 2.9, Chapter XIV of [73]), we obtain 71 = 72 . Here for the inverse 
conductivity problem, compared to the regularity of q in the Schrodinger equation, we need to increase the 
regularity assumptions by order 2 for unknown coefficients. Therefore in the succeeding parts, we often 
consider the inverse boundary value problem for Schrodinger type of equations. 



Existing results on the uniqueness. 

As for researches on the uniqueness, we can point out two main streams. 

• Dirichlet-to-Neumann map on subboundaries: reduction of subboundaries where we consider Dirichlet 
inputs and observations of Neumann data. 

• relaxation of regularity of unknown coefficients. 

Now, according to these streams, we list some important works on the uniqueness mainly before 2010. 
Here we do not intend any complete lists. 

First of all, for the case of the Dirichlet-to-Neumann map on the whole boundary, we refer to 
Case n > 3: 
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Sylvester and Uhlmann |72| proved the uniqueness for 7 £ C 2 (fl), and Palvarinta, Panchenko and Uhlmann 
[66] for 7 £ W^ ,ao (yi), Brown and Torres [8] for 7 £ IU2' p (J7) with p > 2n. Recently Haberman and Tataru 
[2 3) proved the local uniqueness within Lipschitz conductivities 7 under the condition that 

sufficiently small. 
Case n — 2: 

Nachman [60] proved the uniqueness for 7 £ C 2 (0). Finally Astala and Paiviirinta [4] established the 
uniqueness within 7 £ L°°(Q), which is a very sharp uniqueness result, but no corresponding results are 
known for the case n > 3. On the other hand, Bukhgeim [10] proves the uniqueness for the Schrddinger 
equations within q £ L°°(fi). 

In contrast to the above works, we state the formulation with Dirichlet-to-Neumann map on subbound- 
aries. Let T + ,r_ C 9f2 be subboundaries. We set 

A( g ,r_,r + )/ = — u xr+ , (8) 

where 

Au + qu = in Q, u\ r _ = 0, u|an\r_ = /• (9) 

We regard dQ \ T_ and <90 \ T + as input subboundary and output subboundary. 

As for the conductivity equation, we can define the Dirichlet-to-Neumann map on subboundaries by 

r 7 / = ^j|an\r+, 

where V • (7V?/) = in f2 and u|an\r- — /; u |r_ = 0. 

We note that the Dirichlet-to-Neumann map on the whole boundary corresponds to the case T + = T_ =0. 
It is natural to discuss the uniqueness by A(g, r_,r + ) with larger r + ,r_. We list main works published 
before 2010. 
Case n > 3: 

Bukhgeim and Uhlmann [T2] proved the uniqueness within the class of 7 £ C 2 (il) if T_ = and T + is 
some specific part of d£l. Isakov [46] proved the uniqueness if r+ and T_ are included in planes or spheres. 
Knudsen [56] improved the uniqueness by Bukhgeim and Uhlmann [I2 u to the class of 7 £ C a+ ?(fl) with 
some a > 0. Finally we refer to Kenig, Sjostrand and Uhlmann [55] which established the uniqueness for 
some specially defined sets r±. 
Case n — 2: 

Imanuvilov, Uhlmann and Yamamoto [30] first proved the uniqueness by Dirichlet-to-Neumann map on 
arbitrarily given subboundary provided that T + = T_ . 

The proposes of this article are 

(i) to provide uniqueness results in the three dimensional case by a simpler argument and the uniqueness is 
sharper than e.g., Kenig et al. [55,. 

(ii) to simplify the existing proofs: we do not need advanced tools for example from the microlocal analysis 
(see [55]). 

(iii) to describe uniqueness results by Dirichlet-to-Neumann map on subboundaries which have been recently 
obtained by the authors and colleagues. 

In the succeeding sections, we will give more detailed references related to the topics of this article. 



Key to the proof of the uniqueness. 

For convenience, here we explain the key to the proof which has been an essential idea since Sylvester and 
Uhlmann [72] . 

• We consider a family U\ — u 1 (t)(x), t > of solutions which are parameterized by r > 0: 

L qi (x, D)ui = Aiti + q\ui = in Q, Ui\r_ = 0. (10) 
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• For iti(r), we construct the solution u 2 = to 



L q2 (x,D)u 2 = Au 2 + q 2 u 2 = in O, u 2 \ gn = Ux\on- 
By A(gi,r_,r+) = A( 92 ,r_,r + ), we have ^ = |fon dfl\T + . Setting u = u x - u 2 , we obtain 



L q2 (x, D)u 2 — Au + q 2 u 



{q-2~qi)ui in fi, 



(11) 



u\oq=0, tH 




= 0. 



(12) 



• We consider another family v = v(t)(x), t > of solutions which are parameterized by r > 0: 



L q2 (x, D)v = Av + q 2 v — in ft, v\r 



0. 



(13) 



• Multiplying dTTJ) with v(t) and using JTU]), (H2|) and ([131), we obtain 




that is, 



(<?l - 92)(a;)w(T)(x)Mi(r)(a;)dx = 



n 



for all t > 0. 



Thus the uniqueness is reduced to the completeness of products of solutions, that is, the density in L 2 (Q) of 
{v(t)ui(t)} t> q. The works on the uniqueness in Q since [72) have relied on how to construct the families 
iti(r), v(t), t > satisfying such completeness. For it, the idea for u\{t) and v{t) is solutions to the elliptic 
equations under consideration in the form: 



with suitably chosen phase function $ and solutions to the transport equation a. Solution in the form of 
pT[) are called (complex) geometric optics solutions. The paper by Kenig, Sjostrand and Uhlmann [55] uses 
a Carleman estimate for constructing complex geometric optics solutions in higher dimensions and see also 
Bukhgeim [TO] . We can understand a Carleman estimate as weighted L 2 -estimate. 

Careful choices of weight functions in Carleman estimates yield the uniqueness results for various elliptic 
systems by Dirichlet-to-Neumann map limited on some subboundaries. We have developed such relevant 
Carleman estimates mainly in two dimensions, and in the succeeding sections, we clarify such Carleman 
estimates. 

The article is composed of the following sections. 

• §1. Introduction. 

• §2. A key Carleman estimate for the proof of the uniqueness in §3. 

• §3. Uniqueness in the three dimensional case: We demonstrate how our method can produce the 
uniqueness with Dirichlet-to-Neumann map on subboundaries, and the proof for the uniqueness is 
concise and based on Carleman estimate and the Radon transform. Moreover our uniqueness generalizes 
the results by Bukhgeim and Uhlmann |12j . Kenig, Sjostrand and Uhlmann [55] . 

• §4. Survey on two dimensional inverse boundary value problems by Dirichlet-to-Neumann map on an 
arbitrary subboundary. 

• §5 Calderon's problem for semilinear elliptic equations. 

• §6 Uniqueness by Dirichlet-to-Neumann maps for Lame equations and the Navier-Stokes equations. 

• §7. Appendix. 



e T *0)( a + o(l)) asr^oo 



(14) 
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This section is closed with explanations of notations which are used throughout this paper. 

Notations. Let x = (xx,...,x n ) G R" and x' = (xi, x 2 , x„_i), and § n_1 = {x G R"; |x| = 1}. 
Henceforth let N+ = N U {0}, d? = d^d^ ■ ■ ■ = (ft, . . . , /3 n ) G (N+) B and \j3\ =& + ... + /3„. 
We set i = y— 1, xi,x 2 G R , z = xi + ix 2 , z denotes the complex conjugate of z G C. We identify 
x = (xi,x 2 ) G 1R 2 with z = Xi + ix 2 G C and £ = (£1,62) with ( = £1 + i£ 2 . <9 2 = 3(^x1 — i^ X2 ), 
(h = \{d Xi + id X2 ), D = (£>i, ...,!>„)= (}9 X1 , }3 Xa , . . . , i d Xn ) ,D?=D^--- Dt d c = ±(% - ^ = 
1(9^ + «9^ 2 ). Denote by B(x,S) a ball centered at x of radius <5. For a normed space X, by 0^(7^) we 
denote a function /(t, •) such that ||/(r, = o(^tt) as |r| — » +00. By we denote the Hessian matrix 

with the entries q x .q x . ■ The tangential derivative on the boundary is given by d? = — ^lgf^p where 

v = [yxiV-i] is the unit outer normal to <9ft. For the functions p(x, £) and g(x,£) we define the Poisson 
bracket: {p,«}(*,0 = Er=i " 

Let P(x,D) — Yl\p\<k a p{ x )D^ be the differential operator of order fe. Denote byp(x, £) = X}mi=jfe a fc( x )? /3 
the principal symbol of this operator. 

We call 6(xi,x 2 ) antiholomorphic if (g|- — i-£^)b = 0. In the Sobolev space i/ fe (ft) we introduce the 
following norm 

H«llH*.-(n) = (IMl!r»(n) + \ T \ 2k \\ u \\h(n)) h - 
For any strictly positive function p in ft, we introduce the normed space L p (£i) = {w(x)\ pw 2 dx < 00} 
with the norm ||tu||£2(f)) = (J n pw 2 dx)i . 

For the operators L + and L_, we denote by [L+,L_] the commutator of these operators: [L + ,L_] = 
/. . /. - /. /. . . 



2 Carleman estimates for the Schrodinger equation 

As we mentioned in the introduction, in order to construct the remaining term in complex geometric optics 
solution we will use the technique based on Carleman estimates. The Carleman estimate itself was introduced 
by Carleman |14j for the purpose of proving the uniqueness for the Cauchy problem for the system of elliptic 
equations. The Carleman estimate is some a priori estimate depending on parameter and some weight 
function. In this section we concentrate on the case of the second-order elliptic operator whose principal 
part is the Laplace operator. For the general theory of Carleman estimates see e.g. [27] , 
Consider the second order elliptic equation in domain 

P(x,D)u = Au + ^2bj-^ + cu = f in ft, u\ dQ = 0. (15) 
3=1 3 

The principal symbol of this operator is p(x, £) = — |£| 2 where £ = (£1, • • • , 
Definition 1. We say that the function ip is pseudoconvex with respect to the principal symbol p i/V<^ =/= 
on ft and 

n c? 2 

{p(x, £ - iTV<p{x)),p(x, £ + itV^{x))}/it = 2 J2 g^rP U) (*> C)P (fe) (^C) > 

i,j'=l 1 3 

on {(£,£, t) G ft x (R n \ {0}) x M^|p(x,£ + iTV<y9) = 0}, C = ^ + irVip. (16) 



The construction of the pseudoconvex function for the second-order elliptic operator is a very easy task: 
if 4> G C 2 (ft) and V(f>(x) 7^ for any x from ft then for all sufficiently large positive A the function <p = e x ^ 
is pseudoconvex with respect to a principal symbol of this operator. 

We introduce the following subsets of the boundary of domain ft: 

<9ft_ = {x G dSl&(x) < 0}, <9ft = Int{x G dQ\^(x) = 0}, 
ov Ov 

<9ft+ = {x G 9Sl&(x) > 0}. 
Ov 
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A typical Carleman estimate for the Schrodinger equation (see e.g. 29 ) is given by the following propo- 
sition: 

Proposition 1 Let bj,c E L°°(f2) and <p be pseudoconvex function with respect to the principal symbol of 
the operator P(x,D). Then there exist constants r and C independent of r such that for all t > Tq the 
following estimate holds true: 

II r V u2 f { 9u 2 2 f d(f 3U 2 2 

i« e h- e v da + r e v da 

v ; Jan ov Jan_uan ov dv 

<c(\\(P(x,D)u)e^\\l Hn) +rj^ \^ e 2 ^da\ (17) 



for u satisfying \15\) . 

For the construction of the complex geometric optics solutions for the operator P(x, D) we will use as a 
weight function the real part of the function $ which solves the Eikonal equation. 

Proposition 2 Let a function <&(x) = ip + iip E C 2 (Q) be a solution to the Eikonal equation 

(V$,V$)=0 on VI. (18) 

Then (x,tV^(x),t) belongs to the set {(x,f,r) E Vl x (R™ \ {0}) x R\\p(x, £ + irVtp) = 0} and 

{p(x, rVip — iT~Vip(x)),p(x, rVip + irV 'tp(x))} / 'it = 0. (19) 

Proof. The Eikonal equation ([T8|) is equivalent to the following two equalities 



chp_d<p_ = y, chp_ £hp_ ^ \p_^V_^_ = ^ 

^-^ cfaij (9xj ^ dxj dxj dxj dxj 

Equations (|20|) immediately imply 

(ar, rVip(x), r) e{(i,(,T)e!!x (R" \ {0}) x R^|p(x, £ + irVip) = 0}. (21) 

Differentiating equations (|20[) with respect to and then taking the sum over k, we have 

H v Vip = ffyV^, ff v V^ = -H^Vtp. (22) 

The right-hand side of ((T5)) can be written as 

{p{x 1 t-iTV V {x)),p{x^ + iTV V {x))}/iT = ±{{H v V^O+T\H v V Vl V V )). (23) 

Hence, using the equalities (|2"2")l we rewrite (|2U)) for £ = tVi/j(x) as 

r 2 (i^V^, W) + r 2 (i? v V(^, Vp) = -r 2 (H^p, VV) + r 2 {H v S7p, V<^) = 
-T 2 (V^,^V^)+T 2 (i7 v V(^,V(^) = -T 2 (V^,i7 v V(^) + T 2 (^V^,V(^) = 0. (24) 

Equalities ((23j) and ([24]) imply (fTS) immediately. ■ 

Proposition [2] implies that the real part of a solution of the Eikonal equation does not satisfy the pseu- 
doconvexity condition (|16p . Thus we relax this pseudoconvexity condition as follows: 

Definition 2. We say that the function tp is weakly pseudoconvex with respect to the symbol p if V</? ^ on 
VI and 



n <9 2 

{p{x,C- iTV<p(x)),p(x,Z + itV<p{x))}/it = 2^ Q^r.P^ & 0P (k) fa > 

i,j=i 1 3 

on {(x, £,t) E Vl x (R™ \ {0}) x R\\p(x, £ + irVtp) = 0}, < = £ + irVp. (25) 
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If the real part of a solution of the Eikonal equation is weakly pseudoconvex with respect to the principal 
symbol of the elliptic operator, then one can construct the complex geometric optics solution for large 
parameter r > 0. In some cases we need to construct the complex geometric optics solutions for the large 
negative values of parameter r for the same weight function as well. In [55 , in order to deal with this 
situation, the notion of the limiting Carleman weight was introduced. 

Definition 3. We say that the function tp is a limiting Carleman weight for the operator P(x, D) ifVtp ^ 
on O and 

{p(x, £ - iTVtp(x)),p(z, £ + itVp{x))}/it = 2 g-§-/ j) C)P W 0,C) = 

on {(x, £, r) e O x (M™ \ {0}) x R\\p(x, £ + irVtp) = 0}, C = £ + irVp. (26) 



Obviously any limiting Carleman estimate for the operator P(x, D) is weakly pseudoconvex with respect 
to the principal symbol of this operator. 

Another important property of the limiting Carleman weight is the following. 

Proposition 3 ff55f ) Let fl C K 3 be a symply connected domain with the smooth boundary and tp be a 
limiting Carleman weight in f2. Then there exist a family of functions tp such that the function $ = tp + iip 
solves the Eikonal equation in f2. 

Later we will use the following limiting Carleman weights; 

Example 1 of the limiting Carleman weights. Let v%,V2 € K 3 be to vectors such that \vi\ = \v2\ ^ 
and (v\, V2) =0. The function $ = (vx, x) + i(v2-, x) solves the Eikonal equation and the function tp = (v±, x) 
is the limiting Carleman weight. 

Example 2 of the limiting Carleman weights. Let $ = In r + id where r, tp, 9 are the spherical 
coordinates. The function $ is a solution to the Eikonal equation and the function ln(r) is a limiting 
Carleman weight, provided that the origin and the domain f2 can be separated by some plane. 

In two-dimensional case we can give the complete description of the solutions of the Eikonal equations. 
We have 

Proposition 4 Let il C K 2 and a function — p + ixjj £ C 2 (fl) be a solution to the Eikonal equation 

(V$,V$)=0 onO. (27) 
Then the function $ is either holomorphic or antiholomorphic in f2. 
Proof. The short computations give the formula 

Therefore, if $ is a solution to the Eikonal equation, then we obtain form the above equality that 

d z <$>dz§ = in fl. 

From this equality, the statement of the proposition follows immediately. I 

Example 3 of the limiting Carleman weights. Let n = 2 and $ be a holomorphic or an antiholo- 
morphic function such that V$ ^ 0. Then the real part of the function $ is the limiting Carleman weight. 

Example 4 of the limiting Carleman weights. Let tp be the limiting Carleman weight and the 
function $ = tp + iip solves the Eikonal equation. Then the function tp(x/\x\ 2 ) is the limiting Carleman 
weight and the function $ o (yjw) solves the Eikonal equation. 

We have 
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Theorem 1 Let bj,c G L°°(£l) and ip be a weakly pseudoconvex function with respect to the principal symbol 
of the operator P(x,D). Then there exist constants tq and C independent of r such that for all r > tq the 
following estimate holds true: 

< C MI(P(i,B)«)e'<1i, (n) +rj^ \^\ V - Trd A - 
Proof. First we recall the equality 



(28) 



{p{x, £ - iTV<p(x)),p(x, £ + irV(p(x))}/iT = 4r(ff v (£, + T 2 i^(V<p, V<p)). 

Hence the pseudoconvexity condition (|25[) is equivalent to the following one: 

(H v {£,£) + T 2 H v (\7p,\7p)) > on {(x,£,r) e!!x (R™ \ {0}) x R+ | p{x, £ + irV<p) = 0}. (29) 

We show that for each x from O the polynomial q(x, £, r) = (i?^, £) + t 2 (H "^V r ip , V '</?) can be represented 
as the sum of two homogeneous polynomials of degree two in variables £, t such that 

q{x,£,,T) = 5o(x,£,t) +q+(x i £), (30) 

where 

g+(x,£)>0, V(j;,f,r) e O x R 2 x R 1 , (31) 

and 

g (x, & r) = 0, V(x, £, r) € {(x, £, r) G Q x (R™ \ {0}) x R^| p(x, £ + *rV^) = 0}. (32) 

The functions g+ , go can be constructed in the following way. Consider the partition of unity of the 
domain Q: 

K 

J2ej = l onn, ej e C^(B(xj,S)), ej(x)>0, Vx G fi. (33) 

Consider the symbol rj(x,£,T 2 ) — ej((H v ^,^) + T 2 (H v V(p, Vy?)). Since the function </? is assumed to be 
weakly pseudoconvex, taking into account (|29|) and (|33[) we obtain 

rj(x,£,r 2 )>0 on {(x, £, r) G H x (K n \ {0}) x Mi. \p(x, £ + irVp>) = 0}. (34) 



Suppose that 5 > is so small that is not equal to zero on B(xj, 8) for some J € {1, . . . , n}. Consider 
the function 

1 n dip 

da;,/ k—l,k^J 



»(0= E a+fi E 

k=X,k^J \dxj k=l,kjtj J 



Observe that if x G S(xj, 8) and (x, f , r) G {(x, £, r) G O x (R™ \ {0}) x R^|p(x, $ + lYV^) = 0}, then 

^(x,0 = e j {{H 9 ll) + T 2 {H 9 Vy{x),Vv{x)))- (35) 

By K3SJ) and ([33]), we have _ 

r.,(x,£)>0 V(x,0 eHx (R n \{0». (36) 

Next we set g + (x,£) = Ylj=i ^j( x tO- By (|55)) and (|5rJ|) . we see 

g+(x,C)>0 V(x,0eHx (R n \{0» (37) 
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and by ([55)1 and (|33l) we obtain 

q+(x, = (H v {, + r 2 (H v V<p, Vip) on {(x, (,t)£!1x (E" \ {0}) x V*.\p(x, £ + irV V ) = 0}. 

Therefore we can take qo(x, £, r) = (H v £, £) + T 2 (H v \7ip, \7ip) — q+(x, £, r). Consequently ([30]) and (f32|) hold 
true. 

Next we claim that there exist a smooth function m(x) and a smooth function £(x,£), which is a homo- 
geneous polynomial of degree one in £ for all x G f2 such that 

go (z, r) = m(x)(|£| 2 - r 2 |Vvf ) + £)(£, Vp), Vfo £, r) G x (R n \ {0}) x R\. (38) 

Indeed, let us fix some point x from Q. Without loss of generality, after a possible rotation, we may assume 
that S7ip is parallel to the vector e\ — (1, 0, 0, 0). Consider the polynomial qo(x, £, r) on the hypersurfacc 
{£i = 0}. The set of zeros of the polynomial J2k=2 £t ~ T 2 \\7ip(x)\ 2 is the subset of zeros of the quadratic 
polynomial qo(x, 0, ^2> • • • > £n, t) since 

{(£, r) e (R n \ {0}) x R\\p(x, £ + zrV^) = 0} 

n 

= {(£, t) G (K" \ {0}) x MVia - 0} n {(£, r) € (M» \ {0}) r 2 |V^(S)| 2 = 0}. 

fe=i 

The set of zeros of the polynomial X)fc=2 £fe ~ r2 |V(y9(x)| 2 forms a cone surface in W 1 . The polynomial 
0, • • • ) £,niT) is a homogeneous polynomial of degree 2. There are two possibilities. First this 
polynomial is identically equal to zero. Then we set m(x) = 0. Second, the set of zeros of polynomi- 
als qo(x, 0, £2, • ■ • , £ n , T ) an d J2k=2^t ~ i~ 2 \X7(p(x)\ 2 are the same. Therefore there exists mix) such that 
q(x,0,&, . ..,£„, r) = m(x)(£)£ =2 £ 2 - r 2 |V</j(x)| 2 ). Hence we have 

go(^,e,r) =m( a ;)(|C| 2 -T 2 |V^( a ;)| 2 ) on {(x, r) G fi x K" x V<p) = 0}. (39) 

Since for each a; from Q there exists (£, t) such that (x, £,r) G r) G SI x K™ x R+|(£, Vy) = 0} and 

|£| 2 — T 2 \Vip{x)\ 2 7^ 0, by (j3"9")l the function m{x) is smooth. 

Consider the polynomial d(x,£,r) = qo{x,^,r) — m(x)(|£| 2 — r 2 |V^| 2 ). Let A[x) be a smooth matrix 
such that the first row of A is equal to Vy> and det A(x) 7^ on O. Then we introduce the new coordinates 
£ = A(x)£ and set d(x,£, r) = d(x, A _1 (x)£, r). In the new coordinates, the set {(x,£,t) G Q X R n X 
, Vp) = 0} is written as 

{{x,£,t) eOxR" xK^ia =0}. 

The polynomial d is a homogeneous polynomial of degree 2 in the variable (£, r) for each x G 51 and 
d(x, £, r) = if £1 = 0. Therefore we can represent this polynomial in the form 

d(x, f, t) = ^ bj(x)Zj + K+i(x)t\ 

with smooth functions bj{x). Then after returning to the coordinates £ we obtain 

d(x, £, r) = (£, Vv>)((6(a:), A(a:)0 + &n+i(z)r), b = (h, . . . , b n ). 

Next we need to show that the function b n+ \ is identically equal to zero in SI. Indeed the symbol q + is 
independent of r and the symbol q depends on r 2 . Hence the symbol qa = q — q+ depends smoothly on r 2 . 
Since we have already proved that qo(x, £, r)— m(x)(\£ l \ 2 — T 2 \\^ip\ 2 ) — (£, Vip)(b(x), A(x)£) — 6„ + i(x)r(£, Vy>), 
we observe that on the right-hand side of this equality, the r-dependent terms which are of the form c(x)t 2 . 
Therefore b n+1 = and 

The justification of the formula (|38p is complete. 
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Consider a function / : R 1 — > IR 1 such that f'(y) ^ for all y £ {y\y = (fi(x) x £ f2}. We set £ = f'((f)r]. 
Then 

+ T 2 (H f(ip] V^ Vtp) = r^) 3 ((H vV , n) + r 2 (^V^, Vp) + r 2 ^M |v^| 4 ) + f'(<p)(V<p, £) 2 

= j» 3 (m(x)(h| 2 - r 2 |V^| 2 ) +1(x,7 ] )(t 1 , Vip) + r 2 ^M|V^| 4 + q+(x, V )) + f" (ip)(V<p,0 2 
= f(<f)(m(x)(\tf - r 2 /'(^) 2 | V^| 2 ) + £(x, £)(£, Vp)) + r 2 /" (^)/'(^) 2 | V^| 4 + 0) + /»(V*>, £) 2 - (40) 
Next we take 

r / \ ^ 2 
r 

where iV is a large positive parameter. 
For the moment, assume that 

6 l = c = 0, Vi € {l,...,rc}. (41) 

We set 

P(x,D,t) = e TfN ^P(x,D)e- Tf -^ = A - 2r(V/ JV , T ( ¥ .), V) + r 2 |V/iv >T (^)| 2 - rA/ w , r feO 

and 

P(ss,At)* ^e- rf "-^P(x,D)e rf "-^ = A + 2t(V/jv >t (^), V) + t 2 |V/jv >t (^)| 2 + rA/ W)T (^). 
Using the operators P(x,D,t) and P(x, D,t)* , we construct two more operators 

P+(x, A r) = ~(P(x, A r) + P(x, D,r)*) = A + r 2 |VjAr, T (^)| 2 

and 

P-(x,D,t) = i(P(s,U,r) - P(x, At)*) - -2t(V/v, t (vj), V) - tA/^Cp)- 
Let w = e TfN ^^u. Then 

P + (i,AT)tc + P-(i,A^ = ^ 1 AT> infi, w|ao=0. (42) 
Taking the L 2 -norm of the equation (|4"2"|) we obtain 

\\P(x, A r)Hli a(n) = ||P+(x, A r)Hll»(n) + 2(P+(a;, A r)«, P_ (a, A r)w) L 2 (n) + ||P_ (x, A r)u/|ll»( n) ■ 

(43) 

Integrating by parts the second term on the right-hand side of (j43|) . we have 
2(P+(x, A t>, P_ (x, A r)w) i2(n) = ([P+, P-](z, A t>, ^) L 2 (n) - 4 / t 9 *"™' \ \ 2 da. (44) 



<)!> 



The differential operator [P + ,P_] has the form 



_ 4r \p 9 2 f NiT ((p) d 2 + 4i _ 3 d 2 f NiT {tp) df N , T (ip) dfNAv) + tR , x d ^ 
4-^ dxidxj dxidxj dxidxj dxi dxj 

P(x, A = -2(VA/tf, T foO, V) - A 2 f N , T (v)- 

The principal symbol of the differential operator [P+, P-](x, A T ) i s equal to Ar{{Hf N r ( v )£, £) + 
r 2 {Hf N Upftip, Vy)). Hence the representation p0|) holds true. 
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Therefore we can write down the second term on the right-hand side of (|44[) as 

({P + ,P-}(x,D,T)w,w) LHn) =T f (/^ r (^)(m(x)(-A-r 2 /w. r M 2 |V^| 2 )-^,V)(V^V)) 

Jn 

-At 2 f (f' NtT (cp)) 2 m 2 w 2 dx - t f (Vy>, Vw)l(x, V)* (wf' N>T (<p))dx - r f f' NtT (tp)q + (x,V)wwdx 
Jn Jn Jn 

+ [ T 3 ^ T (^)(/^ T (^)) 2 |V^| 4 W 2 dx + T f R(x,D)wwdx 
Jn Jn 

d 

n 



-t / (V<p,Vw)(Vip,V)^fZ iT (<p))w)dx. (45) 
Jn 

The symbol g+(x, £) is a quadratic polynomial written as q+(x, £) = X]?fc=i qjk(x)£,j£,k- Hence 



T / fwA^+ix, V)wwdx = -r / /^ >T (y) V ?,fc( 

Jn , . , 



r i — u><ix 



ft' f\TT , ,dw dw t f " 2 9 2 (/^ r Mg, fc (x)) 

= ^ /w>) £* fe( ^ j> — ^ — 

Let 

TV 1 

-Mc«m < (47) 

Then f' N T (ip) is a nonnegative function. By pip the function J^™ fe qjk(x)£,j£,k is also nonnegative on the set 
f2 x (M™ \ {0}). Hence the integral J Q f' N T (tp) k=1 qjk(x)-^--^ L dx is nonnegative. Therefore we obtain 
from 

£2 



-t / /^ T (^)g + (x,V)Wx>-C(r + iV)|| M ||i 2(f2) . (48) 
Jn 

By the dehnition of the function fjt T we can choose Nq such that for all N > Nq we have 



r d /^M(/krM)lV^| 4 W ; 2 dx-4r 2 / (/^(^mWdx > (Nr 2 + N*)\\ w\\ 2 LHn) (49) 
n Jn 

and 

-r / (V(p, Vw)(V<^, \/)* {f^ T {ip))w)dx = I 2N(\7ip, \7w) 2 dx > 0. (50) 
Jn Jn 

Integrating by parts we obtain 

r / R(x,D)wwdx = t I -{\7Af N , T (ip) 7 S7w 2 ) - A 2 f N , T (ip)w 2 dx = t I ((A 2 — A 2 ) f n ,t{<£>))w 2 dx 
Jn Jn Jn 

= 0. (51) 

Using the Cauchy inequality, we have 

-r [ (Vw,Vcp)e(x,V)*(wf^ T (cp))dx = -T f f' N (<p)(yw t V<py{x,V)*wdx 
Jn Jn 

-r f (Ww,W V )(e(x,Wr(f N ^)))wdx>-hrf N ^)(Ww,W V )\\ 

~ ^H^HII^a) _ C( r + N )\\ w \\ 2 L 2 (n)- ( 52 ) 

Using (|l8" ]) -(|5"2 j) we obtain from (gSJ) 

([P+,P-](x, ArV, W ) i2(n) > -i||P+(x, J D,r) U ;|| 2 2(f2) - \\\Tf N A^(Vtv,Vcp)\\ 2 L2{n) -C\\Vw\\ 2 L2{n) 

-C(t + iV)|h|| 2 2(f2) + r 2 N\\w\\ 2 L2{n) . (53) 
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By (J531) and CHI): we obtain from (g3) 



\\P(x,D,T)w\\ 2 L2{n) > ^\\P + (x,D,T)w\\ 2 L2m + \\P^x,D,T)w\\l 2[n) 
l\\Tf' NtT (<p)(Vw, V^||i a(n) - C||VH|i a(n) - C(t + N)\\w\\ 2 L2{n) 



— HHIi»fm-4/ T n 1-5-1 (54) 



4 

3t 2 7V m | 

Let ro and No be sufficiently large numbers. Then for all (r, N) satisfying (|47p and N > Nq and t > To we 
obtain from ((54)) that 

> -||P + (x,D,tHI=(q) + \\P-(x,D,t)w\\ 

l 2 (o) 



4' 

_I|| r *' r.-\fX7... T7,„M|2 ^IIT7„..ll2 , r2iV IL..I|2 „ /" _a/ A r, T ((^) | 9w 



/^ T (^(V W ;,V^)||i 2(n) -q|V W ;||i 2(n) + ^|| W ||l, 2(n) -4 J ^ T ^£^\^-\ 2 da. (55) 

Taking the scalar product in L 2 (f2) of the functions P+(x,D,t)w and iViz; and integrating by parts, we 
obtain the inequality 

N\\Vw\\ 2 L2(n) < C(\\P + (x,D,T)w\\ 2 L2m +T 2 N\\w\\ 2 L2m ). (56) 
Then increasing ro and iVo again and using (|56|) . from (|55[) we have: 

\\P(x,D,T)w\\ 2 L2m > ~\\P + (x,D,T)wf LHn) + \\P.(x,D,t)w\\ 2 l3(q) 

-i||r/^ T M(V W ,V^)||i 2(n) +7Vq|VHIi 2( n) + ^IIHIi 2( o)-4 J^^r 1 ^ 2 ^ (57) 

where (t,N) satisfies (l47l) and r > ro, > No. Observe that 

II t /n,t(¥>)(Vw, V<^)||| 2 (q) = j\\P-( x ^^ T ) w + T ^-fN,T( l fi)w\\ 2 L2 ^ n - j < -\\P_(x,D,T)w\\ 2 L2m + -\\rAf N ^)w\\ 
Using this estimate in ([ST]) , we obtain 



\\P{x,D,r)w\\ 2 L2{n) > -\\P+(x,D,r)w\\ 



2' 

^HVHIi. (n , + ^IHIi. (n ,-4 f m r^^\ d £\ 2 ^ (58) 



where (r, AT) satisfies (|471) and r > r n . jV > ATq. 

Now we remove the assumption (|4"Tj) . Suppose that some coefficients of the first or zeroth order terms 
arc not identically equal to zero. Then we have to replace the term on the right-hand side of (|57| by 
\\P(x, D, r)w - EU + (E7=i Tbj?gf - c)w\\% {n) . By 



||P(x, D, r)w -E 6 ^ + (E ^ " c Hli 2 (n) < C(||P(z, D, 7>||i a(n) + Ml W(Q)), 



j=i J j=i 

from (1551) we have 



CdlPfoArMH^n) + IMlW ( n)) > ^\\P + (x,D,r)w\\ 2 L2{n) + ^\\P_(x,D,r)w\\ 2 L2{n) 

+^||VHli. (n) + ^IHli.( n ,- Lr^^\^da, (59) 
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The term on the left-hand side can be absorbed into the term NC\\ Vs/jH^™ on the left-hand 

side. Therefore even without assumption (|4"Tj) we still have Now we fix a parameter TV = in (|55|) . 
Finally we estimate the normal derivative of the function w on the boundary. Let p G C 2 (il) satisfy 

0, v) > on dfl. (60) 

Taking the scalar product of the function P+(x, D, t)w and (Vp, Vw) in L 2 (fl), we obtain 

dw d 2 p dw 



f P + (x,D,r)w(Vp,Vw)dx = - f i(V A V|VH 2 )+ V ■ 
Jo Jay* kj=i 



+ |V/ Ar , T (^)|^(Vp,V^) da; 



9a; j dxjdxk dx^ 

L&»**» - /. - + dMiv fe( ,)i^,y!,) * 

r Q w i r 

+ ^r^P^w)da-- {Vp,v)\Vw\ 2 da 
Jdn ov 2 J dn 



Here in order to obtain the last equality we used the equality 4^- = Vh^r~- The equality (ffJTj) and (ff)0|) imply 



| — | 2 da < CdlPCs, AT)tt||^ (n) + |HW))' ( 62 ) 
/an aiy 

From (|62]l and (|58|) . the estimate ([28]) follows immediately. ■ 

Remark. Compare the Carleman estimate i28\) with |J7| ) 7 we Zose r in /ron< o/ i/ie first term on the 
right-hand side. On the other hand it can be shown that the inequality i28\) is sharp. 
Consider a boundary value problem 

P{x, D)u = Au + qu = f T e Tip in Q, u\gfi_ = a T e Tip . (63) 

For the problem (1631) we can construct solutions with the following properties: 



Proposition 5 Let bj € C 1 (il),c G L°°(n),f T G L 2 (£l),a T G L 2 (9il_) and a function cp be weakly pseu- 
doconvex with respect to the principal symbol of the operator P(x,D). Then there exists a solution u T to 
problem 163\) such that 



\\u T e Tip \\mn) < C(||/ r || L 2 ( n)/r + ||a T || L 2 (an _)) Vt > r . (64) 
If in addition a T /\^\^ G L 2 (dil-), then there exists a solution to problem i63)) such that 



\\u T e- Tifi \\ L 2 {n) <C(||M| L2( n)/r+|| OT /|^|*|| La(an _)A/^) Vr > r . (65) 



iiere i/ie constants C and tq are independent of : 



Proof. Let # - {((/,<?) G L 2 (tt) x L 2 (dn \ 9Cl-)\P(x, D)*w = f in Q, w\ dn = 0, ^| 8n \an_ = .9} be 
a linear subspace of the Hilbert space L 2 2T(p (Q) x L 2 2x¥ ,(i9f7 \ 9fi_) which is equipped with the norm 



Mf,9)\\% = \\fe Tip \\l H n) +r\\9e T m 2(dnXdn _y (66) 
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By (|28p. the normed space X is the closed subspace of the Hilbert space I/ 2 2T¥ ,(fi) x L 2 2TV (dfl \ 3tt-). 
Hence X is a Hilbert space. On X, we consider the linear functional 



t((f,9)) = - I Ue Tip wdx- f a T ge T ^da. (67) 



Ifl Jdtl- 

In order to estimate the norm of the functional £ 7 observe that by Carleman estimate (|28[) we have 



\we^\\ H i„ m + W^e^U^n.) +rH^\^e^\\ L ^_ ) 
< C(||/e"»|| i2(n) +T^\\g\^e^\\ L , wn _ ) ). 

Then 

||l|| = Bu P(/ig)6AfU0} < C(ll«r|U= ( an_) + ll/r|U= ( n)/r) 

and if Or/\% |3 g L 2 (d£l-), then 



(69) 



||i|| = su P(/ , g)eAfU0} < c(|K/i^i^iu 3(fln _ ) A/f+ II/tIUWt), (70) 

where the constant C is independent of r. 

This functional is bounded on X and by the Banach theorem it can be extended on the whole space 
L 2 2tv (ft) x L 2 2 t V (<9ft \ ft_) with preservation of the norm. Hence, by the Riesz theorem, there exists a pair 
{w T ,g) € L 2 e2TV (n) x L 2 e2Tr (dfl\dn-) such that 

W,9)) = (5e rv ,5e rv )L 2(9 o\ao_) + (e T ^ r , /e r *V (n) (71) 

and 

11*11 = IIK,5)L^(n)xL^(an\an„)- (72) 
By (|67|) and ([7T|) . the function w r = — e 2TV w T solves the problem (|63| . From (|72l) we obtain 

||u r e" TV || L 2 (s:2) = ||w T || L 2 T¥i(n) < ||i||. 
Hence from this estimate and , (|70l) imply (|64l) and (1551 . ■ 

Corollary 2 Lei &j G C 1 (S^J) , c G L°°(ft), £/ie families of functions f T and a T be uniformly bounded in L 2 (ft) 
and L°°(dft_) respectively and a function (p be weakly pseudoconvex with respect to the principal symbol of 
the operator P{x 1 D). Then there exist solutions u T , r > 0, to the problem i63\) such that 

\\ u Te~ Tip \\ L 2(n) = o(l) as t y oo . (73) 

Proof. We set 2) = {x G dVl\x G 9(<9ft_)} and c?rj_ e — {x G dft_ \dist(x, 2)) > e} for any positive e. 
Obviously 

TOes(<9ft_, e \ft_) -^0 as e +0. (74) 
We set g(e) — \ \ \ \ c0 (qT7) ■ Let to(t) be a positive continuous function such that 



m(r) — > as r — > +oo and g(m(T)) < Ct a , (75) 
where the constant C is independent of r. We look for the function u T in the form u T — it T ,i + u T ^ where 

P(x,D)u rA = f r e Ttp in ft, u T>1 | an _ = (76) 

and 

P(x,D)u T}2 = in ft, u T ^\on- — a T e Tip . (77) 
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By ([6"4"[) one can construct a solution to problem ([76]) such that 



K,ie tip ||l^(o) = o(-) asr->+oo. (78) 



r 



By fljjj) and (|75j) . we have 

llxan_,„ l(T) \an_a T || L 2 (a ^ ) -> as r ->• +0. (79) 
Using (|64[) we construct a solution iu T to the boundary value problem 



P(x,D)w T =0 in Q, w r |ao_ = Xan_,„ l(T) \9n_a r e r¥ ' (80) 

such that 

IK-e^U^n) as t^+oo. (81) 

On the other hand, we have (1 — Xdn_ m(T) \asi_) a r/|ff |^ € -L 2 (<9f2_) for all r sufficiently large. 
Applying (|65|) and (|75|) . we construct a solution w r to the boundary value problem 

P(x,D)w T =0 in Q., w T \ d n_ = (1 - Xan__ m(T) \an_ )a T e TV (82) 

such that 



\\w T e TV \\mn) <J^||(l-X9n_ >mM \anJar/y |^|||i2(an_) < sM^^tHl^sc-) = °(^r) as T +°°- 

(83) 

Finally we set m t .2 = w T + w T . By (|76|) , (|80|) and ([82]) the function u T; 2 solves the problem (1B"3|) and by 
([78]). ([81]) and ([83]) the estimate d73j) holds true. ■ 

In order to prove the uniqueness result in determining a potential of the Schrodinger equation in dimension 
n = 2, we need to further relax the notion of pseudoconvex function. That is, as a solution of the Eikonal 
equation we should admit a holomorphic function $ which is degenerate at some points of domain Q. 

More precisely, let $ = </? + iif> be a holomorphic function in such that if, ip are real-valued and 

$ec 2 (n), im$| r *=o, r ccr*, (84) 

where Tq is some open set on d£l. Denote by H the set of the critical points of the function $. Assume that 



H + §, <^$(z)^0 VzeH, nndn\T Q = (/} (85) 

and 

/ ldcr = 0, J = {x; d 7 ip{x) = 0,x e dn\T* }. (86) 
J J 

Then $ has only a finite number of critical points and we can set: 

H \ T = {xi, ...,xe}, H n T = {xi+i, ...,x w >}. (87) 
The following proposition was proved in [33) . 

Proposition 6 Let x be an arbitrary point in f2. There exists a sequence of functions {^> e }e£(Q,i) satisfying 
(S^p-fSSP such that all the critical points of <I> e are nondegenerate and there exists a sequence {x e }, e £ (0, 1) 
such that 

— <9$ e 

X e € He = {z € Sl\-Q—{Z) = 0}, Xe X aSE^+0. 

Moreover for any j from {1, . . . , Af} we have 

74n 7j = tf 7j -n(0fi\ro)^0, 
« ( n 7j cr„ tf 7i n(0n\r o ) = 0, 

Im$e(xe) i {Im$e(x)\x €H e \ {x e }} and Im$e(Xe) ^ 0. 
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Now we start the proof of the Carleman estimate for the two-dimensional Schrodinger equation. The 
results of Theorem [T] cannot be applied directly to this case since the weight function is allowed to have 
critical points. The proof of the Carleman estimate is based on the decomposition of the Laplace operator 
into d z and dz- 

First we establish a Carleman estimates for the operators d z and d%. 

Proposition 7 Let $ satisfy {84^- ^86}) . r € K , and the function C = C\ + iC^ belong to C 1 (ri) where 
G\,C2 are real-valued. Let f G L 2 (Q), andv^i H (Q) be a solution to 

2 — v — T——v + Cv = f in Cl 

dz dz 



or let v be a solution to 



In the case \88\) we have 



d <9$ 

v + Cv = f inn. (89) 

oz oz 



In ifte case i89\) we have 

- Rc L3" d ° + »iS - Re(r S - C)ff|li -< n » = (91) 



Proof. We prove the equality (J90j) . The proof of equality (|9~TT) is the same. Denote L_(x,D,t)v = 
§f - C)v and L + (x,Ar)» = f|| - Re(rf 



— iIm(T§£ — C)w and i+(x, -D, t)t5 = i — Re(r^ — C)v. In the new notations we rewrite equation 



as 

L-(x,D,t)v + L + (x,D,t)v = f in O. (92) 
Taking the L 2 - norm of the left- and right-hand sides of (|92"T) , we obtain 

\\L+{x, D, T)vf LHn) + 2Re(L+(x, D, t)v, L.(x, D, t)v) L 2 {q) + \\L-(x, D, t)v\\% {q) = \\f\\h[oy ( 93 ) 

Integrating by parts the second term of (|93l) . we obtain 

2Re(L+(x, D, r)v, L-(x, D, r)v) L 2 {n) = Re{([L+, LJ\v,v) L 2 (n) 

+ / ((L-(x,D,T)v)iv 2 v + L + {x,D,T)vviv)da}. (94) 
Jan 



The Cauchy-Riemann equations yield 



dxi dx2 

Using the Cauchy-Riemann equations again, we observe 

9$ dp . dip 
dz dxi 8x2 
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Therefore 



Re / ((£- (x, D, t)v)iv2V + L+(x, D, r)vi/iv)da = Re 
Jan 

dip 



mi 



dv 



dip 
dxo 



+ C 2 ) v) iv 2 v 



1 dv dip „ „\ ss 
-- t- — w + Cw v\vdo - 

l OX2 OX\ J 

From (JMJl-dnni) we obtain flM]). ■ 
Consider a boundary value problem 



r— - Old + ^ 2 C 2 ) ) l^da + Re 



an 



z— uacr. 

OT 



(96) 



/ O Q Q O \ 

K{x,D)u = (4— — + 2A— + 2B— )«=/ in fi, u| an = 0. 
\ oz oz oz dz J 

For this problem we have the following Carleman estimate with boundary terms. 

Proposition 8 flffffl) Suppose that $ satisfies (g$- fifty), u € i?o(n) mrf PIU-(n) + ||#||L°°(n) < ^ • 77ie 
i/iere exist tq = tq(K, $) and C = C(K, $) independent of u and r sitc/i £/ia£ /or a/Z |r| > tq 



<C( IK^s, D)u)e r *-||i a(n) +|r| 



W )+r1||^-|^||i 2Cn) 



an\r* 



9z 



Proof. Denote v = ue Tip and lC(x,D)u = f. Observe that ip(x%,X2) = i($(z) + Q(z)). Therefore 



3 a<E> 

e T(p A(e~ T,p v) = I 24- -r 



a* 



#2 



a 



a$ 



a- 



« = /= /-2B 



( au 

• 

az 



2A 



aw 



Assume now that u is a real-valued function. Denote w = (2j= — t^=)v. 
Thanks to the zero Dirichlet boundary condition for u, we have 



a^ 



/ • n a« , 

(i/i + 1^2) -5- an- 
ew 



Let C be some smooth real- valued vector function in n such that 

„ac 



az 



C(x) = Ci(x) -HC* 2 (x) infi, ImC = onl , 



where C = (Ci, C2) is a smooth function in n such that 

divC=l inn, (z/,(7) = -l onf . 
By Proposition [7] we have the following integral equality: 



d(we 



NC\ 



dxi 



a$ 

dz 



-flm(r^ + NC ){we NC )\\l* {n) 



on 



dip 



dv 



, dv 



r^f + NfaCi + V2C2) I \^e NC \ 2 da 



'dv 



+N / \we NC \ 2 dx + Re / i^-(we NC )we NC da 
Jdn or 



a 



1 dX2 oz 



_ II f p r V +NCn2 
L 2 (H) — ll/ e Ili 2 (f2)- 



(97) 



(98) 



(99) 



We now simplify the integral Kei J dn -g=(we NC )w\e NC da. We recall that v — ue Tip in n and w — {v\ + 



= ( Vl +iv 2 )%±e T t on an. Denote fa +iv 2 )e 



mime 



Re 



R + iP where R, P are real- valued. Therefore 

a 



Re / iA/^ + iP)^ 
Jan or V a^ 



Re 



<^+ivRec 

a 



i — (we NC )we NC da 
dn 9t 

dv 



(100) 



z — (R + iP) 
an ar 



a^e^) 



a^ 



(R - iP)da. 
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Using the above formula in (IM1) . we obtain 



9xi 



ilm(r^ + NC)(we NC )\\h {n) _ J L*Z + N{viCl + v 2 C 2 ^j ||V C | 2 ^ 

(R - iP)da 



+N [ \we NC \ 2 dx + Re [ i-^(R + iP) 
Jn Jon or 



d(ve NRec ) 2 



dv 



+ l1 - " Re(T £ +NC ^ eNC ^ = Wf- TV+NC Whny (101) 

Taking a sufficiently large positive parameter N and taking into account that the function R + iP is 
independent of N on Tg, we conclude from (|101[) . ({98} 

^ + ^(tf 1+ tf 2 )) ||?> c | 2 dcr + iV / |^ c | 2 dx (102) 
dn \ dv 2 J dv J n 

Jda\r ov 

Simple computations give 

d(ve NRec ) 2 , m NRee a a^ivReC) W 
4|| ^ ||i2 ( n) +r H-^( ue )I!l2 (0) = ||2 — T ^ ve ^^(n) 

lllD NRec (0 d v ,Jte , „ 9NReC ^ n2 
H|e (2 ai- (T 97 + 2 ^^ )t;)lli2 W 

< 2||«;e JVC ||!, (n) + C(iY)|| Ue ^||| 2(n) . (103) 



Since the function $ has zeros of at most second order by assumption (|85j). there exists a constant C > 
independent of r such that 

^w^ N~Rjec\\2 n ( ii~ jvRccii2 i^ni^i— ivReC||2 \ nn/n 

T\\ve \\ L 2 {n) < C \\\ve \\ H i {n) +t \\\-g^\ ve \\L2(a) J ■ i w V 

Therefore by (|102j) - (|104l) there exists N > such that for any N > N a there exists t (N) such that 

J90 \ OV Z J Ov Z J n 

+r\\ve NReC \\l Hn) + ||^ ReC ||f, 1(n) +r 2 |||^|^ ReC ||| 2(n) 

< ll/e^ +JVC ||| 2( n) + C(N) f \§a NC \*da (105) 

Jdfi\r* civ 

for all r > t q (N). 

In order to remove the assumption that u is real-valued, we obtain (|105|) separately for the real and 
imaginary parts of u and combine them. This concludes the proof of the proposition. ■ 

As a corollary we derive a Carleman inequality for the function u which satisfies the integral equality 

(u, K{x, D)*w) LHn) + (f, w) m , Hn) + (ge T *, e~^w) H j,^^ = (106) 
for all w <= X = {w G H 1 ^)^^ = 0, K{x,D)*w G L 2 (n)}. We have 

Corollary 3 Suppose that<& satisfies (S^)-^SE\). f G H 1 ^)^ G H^{d c l\T ), u G L 2 (f2) and the coefficients 
A, B ofJC{x,D) belong to {C G C a (Ti)\\\C\\ cl(Tl) < K}. Then there exist r = t (K,$) and C = C(K,$), 
independent of u and t, such that 

IK^II^cn) < C\r\(\\fe^f Hl , rm + 1]^%^^) V|r| > r (107) 
/or solutions of M06\ ). 
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Proof. Let e be some positive number and d[x) be a smooth positive function on dfl \ Tq which blows 
up like 1^^,; for any y £ d(dfl \ To). Consider an extremal problem 

J e («;) = \\\we-^f L , m + h [ \K{x,D)*w - ue 2 ^\\ 2 L2[n) + ^Ike"^^^^ in f (108 ) 

for 

w G X = {w G H^(n)\fC(x,D)*w G L 2 (n),w\ ro = 0}. (109) 
There exists a unique solution to (|108|) . (|109|) which we denote by w e . By Fermat's theorem, we have 

j' e (w e )[5] = o ysex. (110) 

Using the notation p e — -(K,(x, D)*w e — ue 2TV ), we see that 



K(x,D) Pe +w e e- 2T * = in ft, Pe \ dn = 0, ^|en\r = ■ ( m ) 



By Proposition [5] we have 

MH^l 2 L2(n) + |bee^|lV(o) + ll^niWo) + ^lllf^l 2 2(0) 

< C ^ £ e-^|| 2 L2(0) + ^ jf^ |^| 2 e- 2 ^da^ < 2CJ t {w t ). (112) 

Substituting (5 = w t in (jllOp . we obtain 

2J e (w e ) + Re{ue 2TV , Pe ) L 2 {n) =0. 
Applying estimate (|112p to the second term of the above equality, we have 

\r\Uw t )<C\\ue^\\l Hny 
Using this estimate, we pass to the limit in (|lllj) as e goes to zero. We obtain 

JC(x,D)p + Hje- 2 ^ = in ft, p\ dn = 0, ^|an\r„ = d yf 2T '^ ( 113 ) 

1C(x, D)*w- ue 2 ^ = in ft, w|r = (114) 

and 

Ml|tfe- T< li» ( n) + ll^e-^||| 2(anxro) < C\\ue^\\ 2 L2(n) . (115) 

Since w <E L 2 (ft), we have p <E H 2 {Vl) and ^ € H^(dfl) by the trace theorem. The relation (|113|) implies 
w G H^(dn \ To). Since w G L 2 d (dil \ T ) and w|r = 0, we have w G Hi(dft). By (|TT2> (fTT5 ]) . we obtain 

ll«e-^|| ff4>T(on) <C|r|'|| U e^|| La( n). (116) 

Taking the scalar product of (|114l) with we~ 2T¥> and using estimates (|116p and (I115p . we obtain 

-^IIV^II^) + |r|||^e--|| 2 2(0) + ^11-^11^,.^, < C^lli-ff,). (H7) 

From this estimate and a standard duality argument, the statement of Corollary [3] follows immediately. ■ 
Consider the following problem 

L q {x,D)u = Au + qu = fe Tip in ft, u \r =ge TV . (118) 

We have 



20 



Proposition 9 Let q e L°°(fi), $ satisfy f G L 2 (tt),g G There exists t > suc/i too* 

/or a/Z |t| > to i/iere exists a solution to the boundary value problem U18\) such that 

' ||V«e-^|| i3(n) +V^III«e" T(p IU»(ii) < C(ll/IU»(n) + ll<?ll ff i,™)- (H9) 



r (an) ; 

Proof. First we reduce the problem (|1 18[) to the case <? = 0. Let r(z) be a holomorphic function and 
r(z) be an antiholomorphic function such that (r + r)|r = 5 an d 



IkllffH") + IHIff 1 ^) - C'llffllfl- 



2 (SO) ' 



The existence of such functions r, r follows from the Fredholm theorem combined with the possibility of 
an arbitrary choice of the Dirichlet data on the part of the boundary. 
We look for a solution u in the form 

u = (e r + e r) + u, 

where 

L q (x, D)u = fe TV in n, u\ r „ = (120) 

and / = / - qre lT ^ - qre'^ . 

In order to prove l|119[) . we consider the following extremal problem: 

£(«) = \\We- T nl^ { n) + Y e \\L q {x,D)u - /e^||| 2(n) + \^%^ {aaKTo) inf < 121 ) 

for 

uey = {w e H 1 (Q)\L q (x,D)w e L 2 (n), w\r o =0}. (122) 

There exists a unique solution to problem (|12ip . ()122[) which we denote by u e . By Fermat's theorem, we 
have 

r e (u e )[s] = o vsey. (123) 

Let p e = -{L q (x, D)u € — fe T{p ). Applying Corollary [3] we obtain from (I123[) 

h\Pee T nl, m < C{\\u t e-^\\ 2 H1 , Hn) + \\uee- T %^ (mXro) ) < 2CI e (u e ). (124) 
Substituting in (| 123[) with S — u e , we obtain 

2l(u e )+Re( Pe Je TV )LHn) =0. 
Applying estimate (I124[) to this equality, we have 

l(u e )<C\T\\\f\\l 2{ny 

Using this estimate, we pass to the limit as e -> +0. We obtain 

L q {x,D)u-je TV =0 in 17, u|r = (125) 

and 

he~ T m^ {n) + IK- T l| Wro) < C|r|||/||| 2(n) . (126) 

Since 11/11x2(0) < C(||/|| L 2 (n) + \\g\\ H ^ dn) ), inequality (£26) implies flTTS). 
This finishes the proof of the proposition. ■ 
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3 Uniqueness in the three dimensional case by Dirichlet-to- 
Neumann map on subboundaries 

On the basis of Carleman estimates in Section 2, we show uniqueness results in three dimensions. We 
recall that T± are some subsets of dVl and for the Schrodinger operator with potential q we consider the 
Dirichlet-to-Neumann map A(g,r_,r + ) on subboundaries T_ and L + : 

A( ?) r_ s r + )(/) = ^| en \ r+ , 

where 

L q (x,D)u = Au + qu = in ft, u\ r _ = 0, u| 9n \r_ = /• 

Consider two particular cases of the subboundaries r±. Let v be a unit vector in R 3 . We introduce two 
subsets of the boundary dil: 

r + (v) = {x€dn\(v,v)>0}, T_(v) = {x G d£l\{v,v) < 0}. (127) 

We will show three uniqueness results and the first two are concerned with determination of potentials. 

Theorem 4 Let n = 3, Qi,Q2 G L°°(Q), be not an eigenvalue of the Schrodinger operators 
L qi (x, D), L q2 (x, D) and A(qi,T_(v),T+(v)) = A(q2,T^(v),T + {v)) for some unit vector v. Then qi = q 2 
in Q. 

Let a; be a point in R 3 such that this point and domain ft are separated by some plane. 
We introduce the following subsets of dfl: 

T + (x°) = {x G dQ\{x-x°,v) > 0}, and r_(a; ) = {x G dfl\(x - x°, v) < 0}. 

We have 

Theorem 5 Let n = 3, qi,q2 G L 2 (fl), be not an eigenvalue of the Schrodinger operators 
L qi (x, D), L q2 (x, D) and A(qi,T_(x°),T + (x )) = A(q 2 , r_(x°), r + (x )) for some x° which can be separated 
from by a plane. Then q\ = q 2 in Q. 

Remark 1. Theorem\5\ improved the result of Theorem 1.1 of \55f . Unlike \55f . we do not need consider 
the neighborhoods of the sets F(xq) and B(xq) U {x G dtt\(x — a^O:^) — 0} (here we are using notations 
of f55f). but precisely these sets are sufficient as subboundaries. This in turn reduces the amount of the 
information which is used for the determination of a potential of the Schrodinger equation. 
Remark 2. The assumptions of Theorems^ [5| and the corresponding theorems from U(tf . J22f require the 
access to the whole boundary dfl, that is, to any point of the boundary we have to either apply the voltage 
or measure current. The Calderon's problem was motivated by the search of the oil fields which are located 
underground, but voltage and current should be measured only on the surface. It is the most interesting and 
practically important that we need not apply voltage and not measure the current on the sufficiently large 
part of the boundary. In the three dimensional case, there are a few results results in this direction. The 
paper \4&j treats the case when roughly speaking Q is a half of the plane or sphere. During the preparation of 
this manuscript two more articles appeared: JJ^j and \5$ . The paper JJ^j established the uniqueness in the 
case of cylindrical domain. 

Proof of Theorem 4. Without loss of generality, performing a rotation around the origin if necessary, 
we can assume that v = eg = (0, 0, 1) and set 

T+ = {x G dn\{e 3 ,il) > 0}, r_={ieffi|(e 3 ,i;)<0}. (128) 

Let b(s) G C 2 (M 1 ) be an arbitrary function and z G C 1 ,^ G [0,27r] are some parameters and g(8,x') = 
b(sin(9)x\ — cos{9)x2). We construct a complex geometric optics solution for the Schrodinger equation in 
the form 

Ul (x) = e (r+l2) * 3 (6»,x') +e TXS o L 2 {n) (l) as r -» +oo, (129) 
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where $(x) =2:3 + i(cos(6)x% + sin(9)x 2 ). 
Indeed 

A(e^ T+iz ^g(9, x')) = ((r + iz) 2 (V$, V$) + 2(r + w)(V$, V.g) + A^e^ 12 '*. 
Observing that (V$, V$) = (V$, Vg) = 0, we obtain 

A(e (r+l2) * 9 (0,x')) = (A.g)e( T +^*. (130) 

Then using Corollary [2] we construct the function w T {z, •) which solves the boundary value problem 

L qi (a, D)w T = -e (T+l2) * J L 9l (x, D)g in Q, uv| r _ = -geS T+tz ^ (131) 

and satisfies the estimate 

He-™ 8 ^!!^^} =o(l) as r^+co. (132) 

By (|T30l) and (fT3l) . the function 
solves the Schrodinger equation 

L qi (x,D)ui=0 in ft, ui| r _=0 (133) 

and admits the asymptotic expansion (jl29[) by (jl32|) . 

Since A(gi, r_, r+) = A(q 2 , r_, there exists U2 such that 

L 9B (a:,D)«a = 0inn, (m - u 2 )\on = 9 ^~ ^ \m\r + = 0- (134) 

Next, in a way similar to the construction of iti, we construct the complex geometric optics solution v to 
the Schrodinger operator with potential q 2 

L q2 (x, D)v = in SI, v\ r+ = (135) 

in the form 

v(x) = e" T * + e- TX3 o L 2 {n) (l) as r -> +00. (136) 
Setting it = ui — u 2 , by (|133[) and (|134[) . we have 

L Q2 (x,D)u = -(qt - q 2 )u x in 17, = 0, ^Han\r+ = 0. (137) 
Then using (|135l) and (|137[) . we obtain 



f dii 3v 

-J (91 - q 2 )uxvdx = (L q2 (x,D)u,v) L 2 {n) = (it, L g2 (x, D)v) L i {n ) + (-^,v) L 2 (dn) - (u, — ) 



L 2 (dSl) 



= (v, ^)ta(sn\r+) + («, ^W+J = °- ( 138 ) 

Hence 

' (91 - 92)e i2 * 5 (M'Mx = 0. 
2 

Let II = G x [—if, if] be such a cylinder that O C II. We extend the function (qi — 52) by zero on II \ SI 
and set 

r.(x') = / (<?i - q 2 )e lzx *dx 3 , r z , k (x') = [ (<?i - 92)^(^3)^x3. 

J-A' ./-If 

Therefore we have 

' r z (x')e- 2(cos(e)a;i+sm(£ ' );l;2) 3(6»,x')dx' = 0. 

G 
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Then for any u> £ S 1 and any pgR 1 

¥(z,lj,p)= j r z e z{LU± ' x ' } ds = 0. (139) 

For any fixed (u>,p) £ S 1 x I 1 the function ?p(z,u>,p) is holomorphic in the variable z. Therefore, by (|139|) 
we obtain ^ 

-3g.(Q,u,p)= [ f (q 1 -q 2 )(ix 3 + (LJ ± ,x')Yds = WeN + . (140) 

oz J<u,x'>=pJ-K 

We claim that 

r , fc = VfceN+. (141) 
From (|140[) there exist constants such that 



/ r , k ds = C k ,e / {^,x') k e r ,eds. 

J <uj,x'>=p g_Q J <ui,x'>=p 



(142) 



The function *p(0,w,p) is the Radon transform of the function tq. By the classical uniqueness result for 
the Radon transform (see e.g. Theorem 5.5, p. 30 in Helgason [IS]), we obtain 

r = r , = 0. (143) 

Suppose that the equalities (| 141[) are already proved for all £ less than k. Then equality (|142|) immediately 
implies (I141[) for I = k. 

The function r z is holomorphic in the variable z for any hxed x' . Equality (| 141[) implies that derivatives 
of any orders with respect to z of this function are equal to zero. Hence 

r z = VzeC 1 and x' G G. 

Hence q\ = (72 ■ The proof of the Theorem [4] is complete. ■ 

Proof of Theorem 5. Without loss of generality we can assume that a; = and set T± = T±(0). In 
the spherical coordinates the Laplace operator has the form: 

^ 1 d a 9ti. 1 , , ,q\® u \_^ 1 9 2 u d 2 u ^ 1 d 2 u ^ 1 d 2 u ^2 du ^cot{9) du 
r 2 dr dr r 2 sin{9) 89 89 r 2 sin 2 (9) dtp 2 dr 2 r 2 d 2 9 r 2 sin 2 (9) dip 2 r dr r 2 d9 

(144) 

The function $(x) = ip + iip = \nr±i9 satisfies the Eikonal equation. Short computations and formula (|144[) 
imply 

A$ = \(l±icot(9)). 
Let a function a satisfy the transport equation: 

2(Va,V$) + A$a = 0. 
In the spherical coordinates, the transport equation has the form 

H£ ±4^ + 4(1 ± <«*(*))«, = 0. (145) 
r or r z oO r z 

This equation admits the following solution 
where ao is some function from C 2 [0, 2ir}. 
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Then short computations imply 

A(ae( } } = (r+ ^ a U +(r+jz) v^+^^+u^+^w 



+AaJe (r+ " ) * = (Aa)e( T+ ">*. 

Then using Corollary [21 we construct the function w r (z, •) which solves the boundary value problem 

L qi {x 1 D)w T = -eS T+iz ^L qi (x,D)a in O, iu r | r _ = -oe^-H*)*. 
and satisfies the estimate 

||e- T ^ r |U2 (n) =o(l) as r->+co. (146) 

The function 

solves the Schrodinger equation 

L qi (x, D)u\ = in ft, Ui|r_ = 

and admits the asymptotic expansion 

iti(a:) =ae T<I> + e rln(r) o L 2 (n) (l) asr^+oo (147) 

by (|146[) . Similarly we construct complex geometric optics solutions v for the Schrodinger equation with the 
potential q 2 

L q2 {x 1 D)v = Q in ft, w|r + = 

in the form 

v(x) = ae" T * + e- Tln(r) o L 2 (n) (l) as r -> +oo. (148) 

Since the Dirichlet-to-Neumann maps are the same, there exists a function u 2 which solves the Schrodinger 
equation with potential q 2 in ft and satisfies the following equations 



L q2 (x,D)u 2 = in ft, (m - u 2 )\dn = ^ 2 |ao\r + = 0. 



Setting u = u\ — u 2 we have 



L gi (x,D)u = -(q 1 -q 2 )ui in ft, u\ dn = 0, — | an \r + = 0. (149) 

Taking the scalar product in L 2 (fl) of equation (| 149)) and the function after integration by parts, we 
have 

/ (<7i - q2)uivdx = 0. 
J n 

Using the asymptotic formulae (| 147|) and (| 148|) for the functions Mi and u, we obtain 

(qi ~ q 2 )a 2 e iz ^r 2 sin{Q)drdipdB = 0. 

R 

Here i? denotes the image of the domain ft after change of coordinates from the Cartesian to the spherical 
one. Taking a sequence of functions ao converging to 5((p — (fo), we obtain 

f {q l -q 2 )e' ln{sm{0)) sin{9)e lz ^rdrde = j {q x - q 2 )e iz * rdrdO . (150) 

JRn{<p=tp } JRn{v=vo} 
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We introduce the functions r z , m,k '■ S 2 — > R 1 as follows : for each point on the sphere we choose the 
ray I starting from the origin and passing through this point. Then we set r z — JAqi — q2)re izlnr dr and 
m k — J((li ~ <l2)r{i In r) k dr where k G N+. 

Then from (|150|) we obtain 



/ r z e ±z0 d6 = 0, Vz € C 1 and ip = tp e [0, 2tt]. 
Jo 



(151) 



There exists a hemisphere such that for each z, the support of the function r z is included in this hemisphere. 
Let 3 be the set of "big circles" on § 2 . By "big circle" we mean any intersection of sphere § 2 and a plane 
which passes through the origin. The function ip(x) = lnr is invariant under rotations around the origin. 
Consequently (|151[) implies that 

£(z,£) = Jr z e ±z da = VzeC 1 and V£ € 3. (152) 

If z = 0, then after proper rotation of the rectangular coordinate system around the origin, the above 
formula implies 

r Q da = V(e5. (153) 



The equality ([153} can be reformulated in the following way: the Minkowski- Funk transform of the function 
ro is identically equal to zero. Then the classical Minkowski's result implies ro = on § 2 (see e.g. [58] )■ 
Then (| 152[) implies that for any £ G N+ there exist constants Ck,e such that 



Ih 1 



£—1 

(0, 0=1 m edcr + VC H / 9 l ' k m k d(j = V£ G 3. (154) 

From the above formula, the induction argument yields 

m e = WGN+. (155) 

Indeed, since tuq = tq we have (|155|) for I — 0. Suppose that (|155p is established for I < k. Then formula 
(|154j) implies 

fe-i 



y mfedcr = - °j,k J k - e m e d<r = V£ G 3. 



£=0 

Hence the Minkowski- Funk transform of the function m^,^ < k is identically equal to zero and applying the 
Minkowski's result again we have = 0. 

On the other hand the function r z (y) is holomorphic in variable z for any fixed y G § 2 . Since 

-^#U=o=m^, WgN+ andyGS 2 , 
az l 

we obtain 

r z (y) = onC'xS 1 . 
Using the definition of the function r z we obtain immediately that 

qi = q 2 in ft. 

The proof of Theorem [5] is complete. ■ 

Next we consider the Schrodinger equation with the first order terms: 

L Q: a(x, D)u = Au + (A,Vu) +qu = in Q, 



2G 



where A — (Ai, A2, A3) is a regular real- valued vector field. We consider the problem of determination of 
the potential q and the vector field A from the following Dirichlet-to-Neumann map: 



Fin 

A( g> A,r_ J r + )(/) = HH| 8nxr+ , 

where 



L qiA (x, D)u = in Q, u| r _ = 0, u|an\r_ = /• ( 156 ) 

We can see that a vector field A and a potential q cannot be determined simultaneously from the Dirichlet- 
to-Neumann map. More precisely we have the following proposition. 

Proposition 10 Let r/ G C 2 (fl) be a function such that ?7|an\r + uan\r_ = and ^j|(an\r + )\r_ = 0. Then 
the operators L qyA {x, D) and e~ n L q ^ A {x, D)e v generate the same Dirichlet-to-Neumann map on T_ and T + . 

Proof. Denote q = q + \ Wrj\ 2 + Arj + (A, V77). If u is the solution to equation (|156[) . then w = ue~ v solves 
the boundary value problem 



Obviously 



and 



e r >L q . A (x,D)e v w = L q , A+Vri (x, D)w = in n, w\ r _ = 0, w\ dn \ r _ = f. (157) 

dw _ du - v dr l\\ _ du \ 

-^j|9n\r+nr_ - l^e j|ao\ r+ nr_ - (ue ^j|ao\ r+ nr_ - ^;|an\r + nr_ 

dw du -v 9r l\\ du \ 

^j|an\(r + ur_) = (^e ')l9fi\(r + ur_) - {ue '^)|an\ ( r + ur_) = T^|an\(r+ur_)- 

The proof of the proposition is finished. ■ 
We have 

Theorem 6 Let fl C R 3 be a bounded strictly convex domain with smooth boundary, q\,q2 G L°°(Q), A G 
C 2 (fl), v ^ be an arbitrary vector from R 3 , the sets Y±{v) given by (I127P , and A(gi, Ax, T_ (v), r+(u)) = 
A(q2, A2, r_(«), r+(t/)). ThenrotAi— rotAi in Q. 

Proof. Without loss of generality, performing a rotation around the origin if necessary, we can assume 
that v — e 3 = (0, 0, 1) and sets T± are defined in (jl28|) . We set zg = x 3 + i(C3, x') and Q = (cos(9), sin(9)). 

Let $(x) = X3 — i(cos(9)x\ + sin(9)x2) where 9 G [0, 27r). We define the function Ai(9) as a solution to 
differential equation 

4d Ze Ai(6) + (A 1 ,(ic3,l)) = inn, JmA 1 (9)\ 9n = Q 

and set a — b('zg)g(9,x')e Al< - e ' > where g(9,x') — b{sin{9)x\ — cos{9)x2) and b(s) G C^R 1 ) be an arbitrary 
function. Then the function a solves the differential equation: 

2(V$, Vo) + (A u V$)a = infl. (158) 

Let a_i satisfy 

2(V$,Va_i) + (( J 4i,V$))a_i = -(A + (A 1 ,V) + «i)a inn. (159) 
We construct the complex geometric optics solution to the Schrodinger equation in the form 

Ul (x) = e^ia + ^y-) + e TX3 o m ^(n)(l) asr^+oo. (160) 

Indeed 

(A + {A 1: V) + <zi)(e r *(a + ^)) = (r 2 (V$, V$) + 2r(V$, V(o + — )) + Aa + ^1 + qi ( a + ^I))e r * 



r 



-r(A!, V$)(a + ^i)e r * + V(a + ^i))e T * 
r r 
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Observing that (V$, V$) = and using (fT5g)l . ([159")) , we obtain 

(A + (A, V) + qi )(e^(a + ±±)) - [(A + (A u V) + 9i)a_ 1 ]e T *. (161) 

r 

Then using Corollary[2J we construct functions w T {z, •) which solve the boundary value problem 

^«i,Ai(^ 5 = (A + (A i} V) + 9i)a-i inO, w T \ r _ = -{a + ^i)e r * (162) 

r t 

and satisfy the estimate 

\\e- TX3 w T \\ m „ {Q) = o(l) as r^+oo. (163) 

By PUT]) and (IBS]), the function 

Mi = (a+— )e T * + w T (164) 

T 

solves the Schrodinger equation 

L qi> A 1 (x, D)u\ = in f2, ui|r_ =0 (165) 

and admits the asymptotic expansion (I160p by (I163p . 

Since A{qx, T_, r+) = A{q 2 , r_, T + ), there exists u 2 such that 

L q2 ,A 2 (x, D)u 2 = in fi, (ui - u 2 )| a n = ^ 2 |an\r+ = 0- (166) 

Next, in a way similar to the construction of u\, we construct the complex geometric optics solution v to 
the Schrodinger operator with potential L q2t A 2 ( x , D)* : 

L q2 ,A 2 {x,D)*v = Av-{A2,V)v-{V,A 2 )v + q 2 v = in 0, v\ r+ = (167) 

in the form _ 

= (a + ^-)e- T<s ' + e- TX3 o H i, T(n) (l) as r ->■ +oo. (168) 

Let a function »4 2 (#) solve the differential equation 

4d ze A 2 (0)-(A 2 ,(iuj,l)) = O infi, lm^ 2 (0)|an = 0. 
Then a — e A2 W solves the ordinary differential equations 

2(V$, Va) - (A 2 , V$)2 = in Q. (169) 
A function a_i solves the differential equation: 

2(V$,Va_i)-(A 2 ,V$)a_i = (A-(A 2 ,V)-(V,A 2 ) + g 2 )a in 17. (170) 
Setting m = Mi — U2, by (| 165[) and (|166p . we have 

Lg 2t A 2 (x,D)u = -(Ai - A 2 , V)iti - (gi - q 2 )u x in 17, = 0, ^Hao\r + = 0. (171) 
Then using (|167l) and (jTTTJ), we obtain 

du dv 
(L q2i A 2 (x,D)u,v) L 2 (n) = (u, L q2i A 2 (x, D)*v) L 2 (n) + {-^,v) L 2 (dn) - (u, -^) L 2 (dn) 

+ / {{Ax - A 2 , V)u%v + {qi - q 2 )u 1 v)dx 
Jn 

= (v, -^)l^{8U\t + ) + (V, ^)i2 (r+) + J {{Ax - A 2 ,Vux)v + {qx - q 2 )uxv)dx 

= / {{Ax - A 2 , Vux)v + { qi - q 2 )uxv)dx = 0. (172) 
Jn 
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We are interested in the asymptotic expansion of the right-hand side of (1172j) . By (|160[) and (I168|) . we 
have 

/ ((A 1 - A 2 , Viti)u + (qi - q 2 )u lV )dx = t& x + © + o(l) as r -> +00. (173) 

Since ©1 is independent of r, the above asymptotic formula implies ©1 = 0. Integrating by parts and using 
the equalities (|T58| and ([TS9]) . we obtain 

= ©i= / (Ai - A 2 , V$)aSefa; = / (-(2V$, Va)S - (2V$, Va)a)dx 

JO Jf2 

= [ (-(2V$,Va)a-a(2V$,Va))dx = 2 [ fc^e^ 1 ^+^^5(0,2/ )|?<fo-. (174) 
Jo Jan v v 

Let £ be the set of all planes in R 3 orthogonal to the plane a; 3 = 0. 
From (|174p we have 

JdnnP 

By Proposition [20l there exists the antiholomorphic function Q(zg) such that 

gAi(fl)+^w = e on dnnp. 

Observe that the function O does not have any zeros in Q. Indeed, since the domain Q is assumed to be 
convex, the two dimensional domain O n P is symply connected. Then by the well- know formula the number 
of zeros N of the function O is given by formula 

N= -L / & dzg = J-A afin parg6 = ±A aQnP axge^^W = ±A af2n p arge Re ^W+^<>» = 0. 
27 ™ JannP © 2?r 2?r 27r 

Consider the form a = rfO/9. This form is closed and since fi n P is symply connected, the differential 
form a is exact. Hence there exists a function a(x) such that a — da. Then d Zg a = d z<j Q/Q. Consider this 
equality as a first-order differential equation. The general solution to this differential equation is written as 
= c(zg)e a . On the other hand <9z e O = . Hence c(z$) = const and since the function a defined up to a 
constant, we have 

e = e a . 

Then a is a holomorphic function and we set In O = a. 
The function Ai (9) + A2 (0) satisfies the equation 

4d Ze (A 1 {6)+A 2 {6)) + {A 1 -A 2 ,(iuj,l)) = in fi (175) 

and 

A 1 (6)+A 2 (6) = hi& on dQnP. 
Integrating the equation (|175|) over 51 n P, we have 

/ {A 1 -A 2 ,V$)dx = - f id ze (A 1 (6) + A 2 (6))dx= [ {v z + i(u,i?))(A 1 (6) + A 2 (6))da 
JnnP JnnP JdnnP 

(z/3+«(wy))lnedcr = 0. 



idnnP 

Since A\ and A 2 are real- valued vector fields, from the above equality we obtain 

/ (A lt3 - A 2 , 3 )dx = 0, VFe£ (176) 
JnnP 

and 

(A l -A 2 ,(t2,Q))dx = 0, VPe£. (177) 



/ ( 

JnnP 
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We extend the vector fields Aj by zero outside of domain f2. From (jf 76[) applying the uniqueness result for 
the Radon transform, we obtain that 

/ {A li3 - A 2<3 )dx 3 = 0, Vx'eM 2 . (178) 

J-K 

By (|178|) there exists a function ^(x) such that 

— = (^,3-^2,3) inO, *|ao = inO. (179) 

By Proposition 1101 and the assumption of strict convexity of the domain Q, the operators L q2 ^ 2 { x i D) 
and e _ *Lg 2 . J 4 2 (x, -D)e* generate the same Dirichlet-to-Neumann map. The convection terms in the operator 
e~ 9 L q2t A 2 { x i -D)e* have the form 

(A 2 + W,V). 

Hence by (|1 T9[) without loss of generality we can assume that 

Aifl = A 2i3 in SI. (180) 

Then from (|177|) we have 

f / g{z g )(A hl - A 2<1 )dx 3 ) dxt+i { g{z e )(A h2 - A 2>2 )dx 3 ) dx 2 = 0, (181) 

<u,x'>=p \J-K J \J-K J 

where < u, x' >— p is an arbitrary line from R 2 . We claim that 



|y x k 3 (A 1A - A 2A )dx 3 , J x^(A 1>2 - A 2i2 )dx 3 j = (0,0), Vfc e N+ and Vx' e 



(182) 



Our proof is by the induction method. Setting in (|18ip the function = 1, we obtain (see e.g. [67], p. 
78) that there exists a function / with compact support such that 



V x'f=(^f ( A i,i - A 2,i)dx 3 , J (A h2 - A 2 , 2 )dx 3 j , Vx' e 



Setting g{ze) = z§ in (|181l) . we obtain 



(w,x')^p-ctei + {u,x')^-dx 2 = 0, Vpel 1 and Vw € S 1 . 

<uj,x'>=p OX\ OX 2 



(183) 



(184) 



Integrating by parts in this equation we obtain 

f fds = 0, VpeM 1 and Vu; e S 1 . (185) 

<UJ .X f > — V 



By the uniqueness theorem for the Radon transform, we obtain / = 0. Hence the beginning step of the 
induction method is established. Suppose that (|182[) is already proved for all k < k. 
Setting = (x 3 - i(u;, 2/)) fe in (fTgTj) . we obtain 



/ f / (ar 3 -i(w,a;')) fc (^i,i-^2,i)da;3 ) cfei + ( / {x 3 - i{u,x')f(A lj2 - A 2 , 2 )dx 3 \ dx 2 

J<ui,x'>=p \J-K J \J-K J 

xl(A hl ~ A 2S )dx 3 ) dxi + ( [ x%(A h2 - ^2.2)^3) dx 2 = 0. (186) 

<u,x>>=p \J-K I \J-K I 
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Hence there exists a function f? with compact support such that 

V x ,f % = {j R - M,i)dx z , J ^ 4(^i,2 ~ A 2 , 2 )dx^j , W G M 2 . (187) 

Setting g(z$) — (x 3 — i(6j,x')) k+1 in (|181[) , we obtain 

/ (w,a;')^da;i + (w,2: , )? ; ^^2=0, Vp G M 1 and Vw G S 1 . (188) 

J<u.x'>=j> ox 1 dx 2 



Integrating by parts in this equation we obtain 



[ /fcds = 0, VpeM 1 and G S 1 . (189) 

By the uniqueness theorem for the Radon transform, we obtain /g = and (I182f> is proved. On the other 
hand the equality (| 1 82[) implies that 

-4-1,1 - ^2,i = and A lj2 - A 2 . 2 = in Q. 

The proof of Theorem [5] is complete. ■ 

For more results on recovery of coefficients of the Schrodinger equation with the first terms, see [17] where 
the function <f> = In r + i6 was used for construction of the complex geometric optics solution. In the proof 
of Theorem [5] we used some ideas from [17] . 



We conclude this section with 

Proposition 11 We assume that A(gi,0,0) = A(g2,0, 0) with qi,q 2 in some admissible set implies q\ = q 2 
in f2. If q\ = q 2 near dfl and A(gi, T_, r+) = A(q 2 ,T^,T + ) with arbitrarily subboundaries r_,r + , then 
qi = q 2 in Q. 

Thus if we can assume that the coefficients are equal near dfl, then the uniqueness by Dirichlet-to- 
Neumann map on subboundaries is trivial from the uniqueness by the Dirichlet-to-Neumann map on the 
whole boundary. 

Proof. We can choose an open neighborhood uj of <9f2 such that q := q\ = q 2 in cj := uj n f2. Let Uj, 
j = 1,2 satisfy 

L qj (x, D)uj = Auj + qjUj =0 in Q : Uj\gn = /• 
First we prove = ^7 on dQ if / = on F_. In fact, setting u = u\ — u 2 , we have 

L q (x, D)u = Au + qu = in w, u\qci = 

and 

— = on 90\r + . 
ov 

Therefore the unique continuation for the Schrodinger equation (e.g., Hormander [27) 1 yields u = in to, 
which implies ^ = ^ on dfl. 

^ ov OV 

Next let / G H?(dSV) be arbitrary. Then we will prove ^ = on dfl. Let w j: j = 1, 2, satisfy 
L qj (x, D)wj = Awj + qjWj = in Q, Wj \on = g, 
where g = on T-. For j = 1, 2, we have 

0= / w j L qj (x,D)u j dx= [ Uj L qM D) Wjd x + [ ( Wj ^± - Uj p-) da 
Jn Jn Jan V ov ov J 



I 



du ■ f du) ■ 

g-^-do - / f-^-da, 

OV .F,r, OV 



an uy Jon 
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that is, 



an\r_ ^ Jon dv 



By A(gi,r_,r+) = A(g 2 ,r_,r + ) and the fact proved above, we see that ^ = ^ on dfl. Therefore 



dui f du 2 



an\r_ <^ Jdn\r- ® v 

Since we can choose g arbitrarily, for example, any g £ C£°(dfi \ we obtain = on 917 \ T_. 
Again setting it = u\ — u%, we have Am + qu = in u>, u — on <9f2 and = on dfl \ T_. The unique 
continuation yields u = in lo. Hence ^* = on <90. Hence we prove A(gi, 0, 0) = A{q 2 , 0, 0)- Thus the 
proof of the proposition is completed. ■ 

4 2-D Calderon's problem. 

Let Q be a bounded domain in R 2 with smooth boundary such that dfl = U^Li^fk, where 7/., 1 < k < Af, 
are smooth closed contours, and 7/v is the external contour. Let To be an arbitrarily chosen relatively open 
subset of <9fi. 

For the Schrodinger operator with potential q we consider the following Dirichlct-to-Neumann map 

A(<z,r ,r ): 

On 

A(<7,r ,r )(/) = ^|aa\r , 

where 

L q (x, D)u — Au + qu — in CI, u\r = 0, u|an\r = /■ 

Henceforth we write A(q 7 T ) = A(q, T n , T n ). 
We have 

Theorem 7 (fj^j) Let q u q 2 £ Wp(fl) for some p > 2 and A(gi,r ) = A(q 2 ,r ). Then qi = q 2 in Q. 

We modify the argument in [41] and describe the proof. Before starting the proof of the theorem we 
recall the classical results for the properties of the operators d~ x and flf which are given by 

fin (-z 

The following is proved in 74 (p. 47, 56, 72): 

Proposition 12 A) Let m > be an integer number and a £ (0,1). Then a^.d" 1 £ 
C(C m+a (n),C m+a+1 (tt)). 

B) Let 1 <p < 2 and 1< 7 < Then Sf 1 ,^ 1 G C(L p (fl), L 7 (Q)). 
CjLei KjXoo. TTien 3r 1 ,<9j 1 € £(L P (I2), 

Proof of Theorem 7. We define two other operators: 

^.9 = ie'C*-*)^^-*)), n T g = \e^-^d-\ge^-^), (190) 

where $ € C 2 (f2) is a holomorphic function which satisfies ([84 ]) - ([86)) . Observe that 

2-^-(e^TZ T g)=ge^, 2-^(e r *K T g) = ge* Vg £ L 2 {tl). (191) 

Let a £ C 6 (fl) be some holomorphic function, not identically equal to a constant on fl, such that 

Rea|r S =0, lim a{z)/\z - z\ 100 = 0, VzGHnT^. (192) 
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We recall that H — {z e Q\d z Q(z) = 0} is the set of critical points of the function Moreover, for some 
we assume that 

a(x) ^ 0. (193) 

The existence of such a function is proved in Proposition 1 191 in Section 7. Let polynomials M\(z) and M 3 (z) 
satisfy 

(d~ 1 q 1 - Mi)(jb) = 0, {d- 1 q 1 -M 3 )(x)=0. (194) 
We define the function U\ by 

Ui(x) = e T *(a + ax/r) + e r¥ (a + h/r) - ^e r *K T {a(d^ X qx - Mi)} - ^n T {a(d- 1 q 1 - M 3 )}, (195) 
where a± is some holomorphic function and b\ some antiholomorphic function. We set 

P«tV> „ p-irip 

g T = gi(e^%/r + e-^bx/r - — ^{a^V - Mi)} - —— K r {a{d- l qx - M 3 )}). 



After short computations, using (|195[) . (|19ip and the factorization of the Laplace operator in the form 
A = ^&zd z we reach the following equation 

L qi (x,D)Ux = e Ttp g T in 0. (196) 

We make a choice of the functions ax, bx in such a way that 

||Sr||f»(n) = O(-) as r ^ +oo (197) 

and 

^i|r =e rv O ffi(r?) (i) asr^+co. (198) 

The holomorphic function ax and the antiholomorphic function bx are defined by ax(z) = ai,i(z) + 01,2(2) 
and = 61,1(2) + 61,2(2) where the functions Oi,i,&i,i <E C 1 (fi) satisfy 

, u , ( ajd^qx-Mx) ajd^gx - M 3 ) \ 
ax,x(*) + h,x(z)=[ m + ^ J onr , 

and the functions 01,2(2, r), 61,2(2, t) € C (fi) for each r are holomorphic and antiholomorphic function such 

that _ 

1 f {vi + iv2)a{d7 x qx - Mz)e<*-^ , 

a\ 2(2, r) = / = da 

' 8W an (C-*)fc* 



and 



(C - z)&f> 
1 /> fa - mM^qx - Mx)e^-^ 

61,2(2, f) =-— / oV. 

87r Jan (C - z)<9c* 

Here the denominators of the integrands vanish in % n Tq, but thanks to the second condition in (|192[) . 
the integrability is guaranteed. We represent the functions (11,2(2, r), 61,2(2, t) in the form 

01,2(2,1") = 01,2,1(2) + 01,2,2(2, r), 61,2(2, r) = 61,2,1(2) + 61,2,2(2,1-), 

where 

1 f {ux +w 2 )a{d- 1 q 1 - M 3 ) 1 f fa - i^MapV - Mi) 



0121(2) = / — = da, 6121(2) = / = da. 

" ni 87ri r . ((-z)d^ 1,a,H ; 8Wr* (C-2)9 C $ 

By (|192[) . the functions 01,2,1,61,2,1 belong to C 1 (f2). By (l86l) and Proposition [TBI in Section 7, we have 
||oi,2,2(-,T)|| L 2 (f2) + ||ai,2, 2 (-, T)||£2 (n) -+ as T -> +oo. (199) 
In order to establish (|198[) . we use the following proposition: 

33 



Proposition 13 The following asymptotic formula is true 



'a(&rV -Mi)\ gT(*-«) 



C-2 



'^fit 1 ?! - M 3 )\ e T(«-«) 



&| — ^ = 



H^(r*) 
o(l) as r — > +00. 



Proof. In order to prove <|200[) . consider a function e € Co°(0) such that 

e = 1 in some neighborhood of the set "H \ Fq 



(200) 



(201) 



The family of functions J fi 



9 C * 



C-2 



rf^2^Ci G C°°(9f2), are uniformly bounded in r in 



C 2 (dCl) and by Proposition [T7] in Section 7, this function converges pointwisely to zero. Therefore 



'a^V -Mx)\ e r(*-«) 



9r $ 



o(l) as t — y +00. 



(202) 



Integrating by parts we obtain 



(aid^qx- M x )\ r(*-*) 



Si 



Thanks to ((HSJ) and ([152]) . we have 



1 ~ e a f a (^ 1 gl - M l) ^ r(*-¥) 



o(l) as t — ^ +00. 



(203) 



By (|201[) and Proposition [T^l the functions (^g^f^C 

uniformly in r. Therefore by Proposition [T^J the functions 
uniformly bounded in Wp(ft). The trace theorem yields 



H2(r*) 

57* 



„r(*-*) are bounded in LP (CI) 



a(a^ 1 9 i-M 1 ) 

571 



-d^2^i are 



1 r /l-e Q /a^V-^U^-I) 



d c t> 



o(l) as t — ^ +00. (204) 



By p02 |) -([2Qg | we obtain (|200"]> . 



We note that 3% € C 2 (<9f2) by (fT92|) . Integrating by parts, we obtain the following: 



e T *£ r {a(cCV - Mi)} - i ^261,2^ 



2d 2 $ 



(205) 
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and 



e T *7£ T {a(d 2 gi - M 3 )\ = - 2ai, 2 e TW H — = 

t \ 2c\<& 



(206) 



2tt 



'a(d ? V - M 3 )\ e r(*-*) 



We have 

Proposition 14 TTie following asymptotic formula is true: 



2tt 



a{d^ qi - Ah)\ e r(*-$) 



'C 



C-z 



2tt 



'a{d- 1 qi - M 3 )\ t(*-*) 



L 2 (n) 
— > as r — > +oo. 



(207) 



L 2 (n) 



Proof. We prove the asymptotic behavior of the first term in (I207P . The proof for the second term is 



the same. Denote r T (£) = c\ 



375 



e r(*-$)^ By | jggj| j (TI931) and (|T94l) . the family of these functions 



is bounded in L p (fl) for any p < 2. Hence by Proposition Q/2] there exists a constant C independent of r such 
that 



D —ir r ip 



2tt 



a(d- 1 q 1 - Mi)\ e r(*-*) 



< C. 



(208) 



L 4 (Q) 



By ([8"5]l. (fH?3")) and (TTM| . for any z ^ x 1 + ix 2 , the function r T (£)/(£ - z) belongs to L x (f2). Therefore 
by Proposition [T71 



2?r 



'a^V - Ml)\ e r(*-#) 



-d&dZi a.e. in ft. 



(209) 



By (I208[) , (|209p and Egorov's theorem, the asymptotic behavior of the first term in (|207[) follows imme- 
diately. ■ 



The asymptotic formula p^7| follows from (fTMl) . (|2U71) . ([2U51 and (12TJ6) . 
In order to prove (|198[) , we set U\ = I-y + 1% , where 

h = ((a + a M /r)e^ + (* + K^) = ( ^ ~ Ml) + ^ (210) 



and 



/a = (ai, 2 e r * + &i, 2 e T$ ) - ^(e T *7Z T {(a(fif 1 9l - M x )} 

+e/% T {a(9- 1 g 1 - M 3 )}) 
1 /V*a(3f 1 q 1 - M x ) e r * /" n /X^V - Af x )\ e r($-¥) 

— 9 C ^ "7-^-^*1 



2a 2 $ 2^ Ja "-y a c * / 

e r *a(97 1 <? i - M 3 ) e T * y . ~ e r(3-*) n 

C7 — : «?2«?i 



2^$ 2tt y n < ^ 9^$ J C-z 

^ a^V-MQ ega(g£V-M3) \ 1 
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Here in order to obtain the last equality, we used (I200|) . 
From ([210]) and (|2"TTj) . we obtain (fT!?g|) . 

Finally we construct the last term of the complex geometric optics solution e Ttp w T . Consider the boundary 
value problem 

L qi (x 1 D){w T e T *) = ~g T e T * in O, [w T e TV )\ To = -U x . (212) 
By (|197p and Proposition HI there exists a solution to problem (|212[) such that 

II^t||z,=(Q) = o(-) asr^+oo. (213) 

Finally we set 

ui = Ut +e TV w T . (214) 

By (|213p . (|214p . (|207[) . (|205[) and (|206|) we can represent the complex geometric optics solution m in the 
form 

U^x) = e T *(a + (oi,i + oi j2 ,i)/r) + e r *(a + (6 M + &i, 2) i)/r) 
-( 6 4r^ +e -^^) +e °^n){-) asr^+oo. (215) 

Since the Dirichlct-to-Neumann maps for the potentials gi and q 2 are equal, there exists a solution u 2 to 
the Schrodinger equation with potential q 2 such that — ^7 on <9f2 \ To and u\ — 1*2 on dVl \ To. Setting 
u = U\ — it 2 , we obtain 

(A + g 2 )u = (<? 2 - qx)ui in ft, u| a n\r = ^ lan\r = °- ( 216 ) 

In a similar way to the construction of ui, we construct a complex geometric optics solution v for 
the Schrodinger equation with potential 52- The construction of v repeats the corresponding steps of the 
construction of u\. The only difference is that instead of q\ and r, we use q 2 and — r, respectively. We skip 
the details of the construction and point out that similarly to (|215l) it can be represented in the form 

v(x) = e- T *(a+{a lt x + a w )/r) + e~ T *(a+ (6 M + &i, 2 ,i)/r) 

3 4^ + e i^f J +e 0i2 w(;) asr^+oo, «|r o =0, (217) 

where M 2 (z) and M±(z) satisfy 

[dz\ 2 - M 2 ){x) = 0, [d- l q 2 - M 4 )(x) = 0. 
The functions ai(z) — 0-1.1(2) + 01,2(2) and 61(2) = 61,1(2) + 61,2(2) are given by 

~ f s,r a(^ 1 g 2 -Af 2 ) , 0(^02 -M 4 ) 

01,1(2) + 61,1(2 = 2 + -== onr , 

4rd z q> 4t<9 z $ 

ai, 1,61,1 <= C 1 ^) (218) 

and 01,2,1(2), 61,2,1(2) G C (0) are a holomorphic function and an antiholomorphic function respectively 

such that _ 

1 f {v 1 +iv 2 )a{d7 1 q 2 ~M 4 )e- r ^-^ 

01,2,1(2) = — / — = da 

8tt J t , (C, - 2)<%$ 

and 



1 



_ {vi-iv2)a{dZ 1 q 2 -M 2 )e<*-^ 
b\ 2 i(z) = — / =r da. 

8* h - (C-W 
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Denote q = q% — q 2 . Taking the scalar product of equation (I216|) with the function v, we have: 

quxvdx = 0. (219) 

From formulae (|215p and (|217l) in the construction of complex geometric optics solutions, we have 

= / quwdx = / q(a 2 + a 2 )dx 
Jn Jn 

+- [ <l( a ( a i.i + a i.2.i + h,i + h.2,1) + a(ai.i + Si o,i + h,i +bi,2,i))dx 
T Jn 

qiaae 2 ^ + aae~ 2Tl ^)dx 



<> 



—r~ / 1 a — k^. r- qa ax 

1 ff 2 d Y 1 g 1 -M 1 _ 2 3- 1 g 1 -M 3 , , 
qa — — h arc 



4r Jn V & $ d z $ 

+o(-) = as t -> +oo. (220) 

T 

Since the potentials <7j are not necessarily from Cg°(f2), we can not directly use the stationary phase 
argument (see Proposition [T5l in Section 7). If the function q is not identically equal to zero on J7, then for 
some positive a' we set X = {x <= 0||g(a;)| > a'}. Since the holomorphic function a is not identically equal 
to the constant, this function is not equal to zero on open dense set V. The set In V has positive measure. 
Let a point x* € f2 be some point from Id V. Proposition [6] states that there exists a holomorphic function 
$ such that (|84ll - (|86|) are satisfied and a point x £ % can be chosen arbitrarily close to any given point in 
il. Therefore such a point x can be chosen close to x*. Since qj g W^(f2) with p > 2, the function g is 
continuous on Q. Therefore for the point x € % we have 

q{x) ^ and a{x) ^ 0. (221) 

Let q& Co°(f2) satisfy q(x) — q(x). We have 

/ qRe {aae 2Ti ^)dx = [ qRe (aae 2T ^)dx + [ (q - q)Re (aae 2r ^)dx. (222) 
Jn Jn Jn 

Using Proposition [TCI and (|193p we obtain 

~ _ 2r« - - 2 ™m , 27r(g|a| 2 )(£)Ree 2r "^ /1\ , ooo . 

qtaae 2 ^ + aae 2Tt v)dx = — — ' /v ; = ho - as r -> +oo. (223) 

r|(det^)(x)|> W 

The second term on the right-hand side of (|222|) after integration by parts is written as 

- q){a-ae 2 ^ + aae 2 ^)d, = ^ - © ^ - ^ j dx 

( _{Vip,v)e 2Tl ^ _(VV>,^)e~ 2r ^\ 

- /„ { e2 "* d " (c - <><w) - ^'"" d ™ ~ ^iwp) } < 224 » 

Since ^|r = 0, we have 



l dn qaa { 2ri|W| 2 2™|W| 2 J ~ ~ J 9Q \ T . 2ri|W| 
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By ([gi]). (gSJ) and Proposition HH we conclude that 

/" _ ( (\7i),v)e 2Ti ^ (Vip,v)e- 2Ti, l'\ , ,1, 

/ Q aa — ^ — ,„ , ,„ — 7= , ,„ — ) dcr = o( — ) asr-} +00. 

The last integral over ft in formula (|224j) is o(i) by Proposition 1 171 and therefore 

(q-q)(aae 2T ^ + aae- 2Tl,p )dx = o(-) as r -> +00. (225) 

r 

Taking into account that ip(x) ^ and using (|223[) . (|225[) . we have from (|220j) that 

2^q\a\ 2 ){x) 



|(det^)(i)|a 



0. (226) 



Hence g(x) = 0, and we have a contradiction with (|221l) . The proof of the theorem is completed. ■ 

In the case r = 0, the uniqueness in determining a potential q in the two dimensional case was proved 
for the conductivity equation by Nachman in [60] within C 2 conductivities, and later in [4] within L°° 
conductivities. The case of the Schrodinger equation was solved by Bukhegim [TU] and for the improvement 
of regularity assumption of potential for Bukhgeim's uniqueness result, see |43j . Theorem [7] was originally 
proved in [30] for C 2+Q (ft) potentials, and in [41], the regularity assumption on potentials was improved to 
up to Wp (ft) with p > 2. The case of general second-order elliptic equation was studied in the papers [3T] 
and [33]. See also [6], [9]. The results of [30] were extended to a Riemannian surface in [22]. Conditional 
stability estimates in determining a potential are obtained in [64 . As for reconstruction, see e.g., 65 . An 
analog of the main theorem of [3D] for the Neumann-to-Dirichlet map was proved in [35] . 

In [40] the result of Theorem [7] was extended to the weakly coupled systems of elliptic equations. More 
precisely, consider the following boundary value problem: 

L(x, D)u = Au + 2Ad z u + 2Bd^u + Qu = in Q, u| ro = 0. (227) 

Here u = (ui, . . . , un) and A(x), B(x), Q{x) be smooth complex-valued N x N matrix-valued functions. 
Consider the following Dirichlet-to-Neumann map A(^4, B, Q, T ): 

A(A,S,Q,r )(/) = — U\r , (228) 

where 

L{x, D)u = Au + 2Ad z u + 2Bd^u + Qu = in ft, u\r = 0, u| an \r D = /• (229) 

We have 

Theorem 8 (JJUj) Let Aj , Bj € C 5+a {Tl) and Qj e C 4+a (Ti) for j = 1,2 and some a E (0, 1). Suppose that 
A(A 1 ,B 1 ,Q 1 ,T ) = A{A 2 ,B 2 ,Q 2 ,r ). Then 

A X =A 2 andB x = B 2 on dn\T , (230) 

2d z (A 1 -A 2 ) + B 2 (A 1 -A 2 ) + {B 1 -B 2 )A 1 -(Q 1 -Q 2 ) = m ft (231) 

and 

2ch{B 1 -B 2 )+A 2 (B 1 -B 2 ) + (A 1 -A 2 )B 1 -{Q 1 -Q 2 ) = infl. (232) 

Remark 1. The proof of Theorem^ is based on the construction of the complex geometric optics solutions, 
which is performed in a way similar to one presented in the proof of Theorem [7] Therefore it is critically 
important that the principal parts of all the equations in i229\) are the Laplace operator for the construction 
of complex geometric optics solutions. If the principal parts of the operators in H229\) are different, then such 
a construction in general is impossible and Calderon's problem for such a system is still open. In Section 6, 
we treat the Lame system whose principal parts are different but a special structure allows us to construct 
complex geometric optics solutions. 
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The simultaneous determination of all three matrices A, B, Q from the Dirichlet-to-Neumann map is 
impossible. Theorem [5] asserts that any two coefficient matrices among three are uniquely determined by 
Dirichlet-to-Neumann map defined by (I228[) and (|229p for the system of elliptic differential equations. That 
is, 

Corollary 9 flgjj) Let (Aj,Bj,Qj) € C 5+a (Ti) x C 5+a (Ti) x C 4+a (Ti), j = 1,2 for some a e (0,1) and 
be complex-valued. We assume either A\ = A2 or B\ = B2 or Q\ = Q 2 in fi. Then A(Ai, B\, Qi,Tq) = 
A(A 2 ,B 2 ,Q 2 ,T ) implies (Ai,Bi,Qi) = (A 2 ,B 2 ,Q 2 ) in ft. 

Next we consider other form of elliptic systems: 

L(x,D)u = Au + AQ Xl u + BQ X2 u + Qu. (233) 

Here A, B, Q are complex-valued N x N matrices. Let us define the following Dirichlet-to-Neumann map 
A(A,B,Q,T ): 

— f)ll 

A(A,B,Q,T )(f) = —\ dQ \ ro , (234) 

where 

L(x,D)u = Au + Ad Xl u + Bd X2 u + Qu = in ft, u\r = 0, u d Q\ To = f, uEH 1 ^). (235) 
Then one can prove the following corollary. 

Corollary 10 (gUj) Let Qi,Q 2 € C i+a {U) and (A 1 ,B 1 ),(A 22 B 2 ) € C 5+a {Ti) x C 5+a {7i) for some a € 
(0,1). We assume that Q x = Q 2 in ft and A(Ai,B 1 ,Q 1 ,T ) = A{A 2 ,B 2 ,Q ll T ). Then {Ai,Bi) = {A 2 ,B 2 ) 
in fl. 

Proof. Observe that L(x, D) = A + Ad z + Bd* + Q where A = A + iB and B = A - iB. Therefore, 
applying Corollary |9l we complete the proof. H 

This corollary generalizes the result of [TB] where for the scalar elliptic operator A + + ^gf^ the 
uniqueness of determination of the coefficients a, b was proved assuming that the measurements are made on 
the whole boundary. 

Remark 2. Unlike Corollary^ in the two cases of A\ = A 2 and B\ = B 2 , we can not, in general, claim 
that (Ai,Bi,Qi) — {A 2 ,B 2 ,Q 2 ). We can prove only 

(i) Mi = ®h. i n Q if A x = A 2 in ft. 

\ / OX l OX1 

(ii) Ml = 9A2 j n if B = jg j n 

\ J OX2 OX2 

Moreover consider the following example 

n = (o,i) x (0,1), 

dQ \ T Q = {(x 1 ,x 2 ); x 2 = 0, < xi < 1} U {{xi,x 2 ); x 2 = l, < x\ < 1}, 

and let us choose T)(x 2 ) € Cq°(0, 1). Then the operators L{x,D) and e sri L(x, D)e~ sv generate the same 
Dirichlet-to-Neumann map ^234^ , \235\) , but the matrix coefficient matrices are not equal. 



General second-order elliptic operator. We consider a general second-order elliptic operator: 

Qu Qu 

L(x,D)u = A q u + 2A— + 2B— + qu. (236) 
Qz Qz 

Here g = g{x) = {gjk}i<j.k<2 is a positive definite symmetric matrix in f2 and A g is the Laplace-Bcltrami 
operator associated to the Riemannian metric g: 



g \/detg Qx k dxj 
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where we set {gi k } = g~ x . Assume that g G C 7+a {&), (A,B,q),(A j ,B j ,q j ) e C 5+a (n) x C 5+a (n) 
C i+a (ft), j — 1,2 for some a € (0, 1), are complex-valued functions. We set 



L k (x,D) = A gk +2A k —+2B k —+q k . 



; ^-+2S fc — 
oz oz 

We define the Dirichlet-to-Neumann map by formula 



&u 

kg,A,B,q,T {f) = JT~ \dQ.\T Q , (237) 

UVg 

where 

L(x,D)u = in Q, u| ro =0, u| an \r = /, ueH\n) (238) 

and g§- = v / detg^^ fc=1 gi k v k J^ is the conormal derivative with respect to the metric g. 

Our goal is to determine the metric g and coefficients A,B,q from the Dirichlct-to-Neumann map 
Ag,A,B, q ,r given by (|237|) and (|238[) . In general, the uniqueness is impossible. There are the following 
main invariance properties of the Dirichlet-to-Neumann map in the problem. 

• Conformal invariance. Let (3 £ C 7+a (Q) be a strictly positive function. Then 

This follows since the Laplace-Beltrami operator is conformal invariant in two dimensions: 

• Gauge transformation. It is easy to see that the Dirichlet-to-Neumann map for the operators 
e~ r, L(x, D)e n and L(x,D) are the same provided that 77 is a smooth complex-valued function such 
that 

r,eC 6+a m, r,\ au \ ro = ^-\ dQ \ To =0. (240) 

• Diffeomorphism invariance. Let F = (Fi,^) : — > fl be a diffeomorphism such that -F|go\r = 
Identity. The pull back of a Riemannian metric g is given as composition of matrices by 

F*g = {{DF)ogo(DF) T )oF- 1 (241) 

and DF denotes the differential of F, (DF) T its transpose and o denotes the matrix composition. 
Moreover we introduce the functions: A F = {{A + B)(fff - ifff) + i(B - A)(^± - iffj)} o 
F^\detDF-\B F = {(A + B)(§£ + iff) + i(B - A)(^ )} o F^\detDF-\q F = 

\det DF~ 1 \(q o F^ 1 ). Then we can verify 

Ag,A,B,q,T = A-F*g,A F ,B F ,q F ,T - ( 242 ) 

We can show the converse, that is, the above three kinds of the invariance exhaust all the possibilities. 
We have 

Theorem 11 (\33f) Suppose that for some a € (0,1), there exists a positive function j3 <G C 7+Q (S!) such 
that ( 9l - ^ 2 )|an\r„ = 9{ %~ M \ dn \r = (At - f)\ 9 n\r = (Bi - f )\ 9 n\r = 0. Then A Jft) A 1) fl 1 , fil r = 
^g2,A2,B 2 ,q 2 ,To if an d only if there exist a diffeomorphism F g C 8+a (fl), F : ft — »• fi satisfying F |gn\r 

=Id, a 

positive function (3 6 C 7+a (Q) and a complex valued function r\ satisfying l[240\ ) such that 

L 2 (x,D) = e- ri K{x 1 D)e'\ i 

where 

2 , , d d x 1 

K(x, D) = Ap F * gi + ^(A 1F — + B 1F — ) + -q lF . 
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Calderon's problem for the matrix conductivity. The question proposed by Calderon [13] is 
whether one can uniquely determine the electrical conductivity of a medium by making voltage and current 
measurements at the boundary. 

In the anisotropic case the conductivity depends on direction and is represented by a positive definite 
symmetric matrix {o~ jk }. The conductivity equation with voltage potential / on dfl is given by 

2 

C(x,D)u=J2^(a^-^-) = in ft, u\ dn = f. 

j,k=l 3 

The Dirichlet-to-Neumann map is defined by 

A CT (r )/ = ^2 alJv% ~^~\ T °' £(x,D)u = in 17, u\ d a\r = f, u|r = 0. 

It has been known for a long time (e.g., }57j ) that A CT does not determine a uniquely in the anisotropic 
case. Let F : CI — > CI be a diffeomorphism such that F(x) — x for x on dCl \ Tq. Then 

^F'a = A CT , 

where 

f(DF)oao(DF) T \ , , . 

F*a=[± ^ — — of" 1 , 243) 

V \detDF\ ) V ' 

In the case of To = 0, the question whether one can determine the conductivity up to the above obstruction 
has been solved in two dimensions for C 2 conductivities in [60] and merely L°° conductivities in [5] . See also 
[4]. The method of the proof in all these papers is based on the reduction to the isotropic case performed 
using isothermal coordinates [1]. 

We can prove the uniqueness in Calderon's problem for the anisotropic conductivity: 

Theorem 12 f\S3^ ) Let oi, 02 € C +a (tt) with some a € (0, 1) be positive definite symmetric matrices on Q 
such that (ci — CT2)|gn\r = ~§o{°~~i ~ cr 2)|asi\r = 0- If ^a-tO^o) = ^^(Tq), then there exists a diffeomorphism 
F : ft CI satisfying -F|an\r = Identity and F G C s+a (fl) such that 

F*ai = cr 2 . 

The uniqueness corresponding to the isotropic case was proven in [30] and in fact follows from Theorem 
[TT1 in the case where g — Identity and A = B = 0. We mention that [35] has proven a similar result for 
general Riemann surfaces in the case where g is not the identity but fixed. 



General case where the principal part is the Laplacian. Assume that the principal parts of 
second-order elliptic operators under consideration are the Laplacian: g = I. Then we can prove a bit 
sharper result than Theorem [TT] 

Theorem 13 (]33jj ) The relation A/ 9li r = ^-i,A 2 ,B 2 ,q2Sa holds true if and only if there exists a 
function 77 € C 6+Q (f7), -q\ dn \ Ta = |^|ao\r = such that 

Li(x,D) = e- r >L 2 (x,D)e r i. (244) 

Proof. For simplicity we consider only the case when domain fl is simply connected. The proof for the 
general domain is given in [33] . By Theorem [8] we have 

A t =A 2 , B 1 = B 2 on dfl\r , (245) 

and in CI we have 

- 2^-{A x - A 2 ) - A 1 B 1 + A 2 B 2 + (c h - q 2 ) = 0, (246) 
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2^(Bi - B 2 ) - AxBx + A 2 B 2 + { qi - q 2 ) = 0. (247) 
We only prove the sufficiency since the necessity of the condition is easy to be checked. By (|246l) and (|247l) , 



we have -§z{A\ — A 2 ) = -§={B\ — B 2 ). This equality is equivalent to 



d(A — B) .d(B + A) , fAn stA An 

g ; = t K Q where (A, B) = {A\ — A 2l B 1 — B 2 ). 

Since the domain Vt simply connected, there exists a function rj such that: 

(i(B + A),(A-B)) =Vrj. (248) 

By (I245P we have 

v\an\r = ^v\an\r = 0. 

Setting 2-q = —irj we have from (|248l) 

((B + A), i(B - A)) = 2Vn. 

Therefore (|246l) yields 

qi =q 2 + Ar 1 + 4^^+2pA 2 + 2^B 2 . (249) 
oz oz oz Oz 

The operator Li(x, D) given by the right-hand side of (|244l) has the Laplace operator as the principal part, 
the coefficients of is A 2 + B 2 + 2-§^, the coefficient of g|- is i(B 2 — A 2 ) + 2-^L, and the coefficient of 
the zeroth order term is given by the right-hand side of (|249[) . The proof of the proposition is complete. ■ 

The magnetic Schrodinger equation. Denote A = (Ai.A 2 ) : where A,-, j — 1,2, are real-valued, 
A = A\ — iA 2 , rot A — — 1^-. The magnetic Schrodinger operator is defined by 

k— 1 

Let us define the following Dirichlet-to-Neumann map 
where 

C A ^x,D)u = 0inn, u\ dn \ ro =f, u\ To = 0, u e H\n). 

Theorem [8] implies 

Corollary 14 f\33f) Let real-valued vector fields A^\A^ E C 5+Q (£l) and complex-valued potentials 
gC 1 ),^ 2 ) g C 4+a (Ti) with some a € (0,1), satisfy A^ (1) Fo = A^ (2) ~ (2) Tq . Then = ^ and 

rotA^ = rotAW. 

In the case of the Dirichet-to-Neumann map on the whole boundary, see [53] and [71] : [71] proved a 
uniqueness result provided that both electric and magnetic potentials are small, and [53] proved a uniqueness 
result for a special case of the magnetic Schrodinger equation, namely the Pauli Hamiltonian. See also [7T] 
and [55] , 

We conclude this section with the uniqueness in the case where the subboundaries of Dirichlet input and 
measured Neumann data are disjoint. 
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Let dfl = Ti U r 2 U To where ri n r 2 = To n r& = 0, k = 1,2. Then we consider the unique identifiability 
of the conductivity by taking all pairs of Dirichlet data on the subboundary Ti and the corresponding 
Neumann data on the subboundary r 2 : 

A y (r 1 ,r 2 )(/) = 7— ^ , div( 7 v u ) = in n, ^| roUr2 -o, u| ri =/. (250) 



dv 



We consider that the input is located on Y\, while the output is measured on r 2 . In the case where Ti = r 2 
and is an arbitrary open subset of the boundary, the global uniqueness was shown in [30 with 7 £ C 3+a (il), 
with some a G (0, 1). See also Theorem[7J 

In order to state our main result, we need the following geometric assumption on the position of the sets 

ri,r a ,r on5n. 

Assumption A. Let T\, r 2 , To C dtt be non-empty open subsets of the boundary such that dQ = 

riur 2 ur , rinr 2 = r fc nr = 0, v k = u| =1 r feJ) r = uf =1 iv, where r k<j , j,k = 1,2, r 0<t , e = 1,2,3, 4 

are not empty open connected subsets of dfl and mutually disjoint. Then dfl is separated into 

1^0,1^2,1, ro,2, 1^1 ,1, To, 3: ^2,2, 1^0,4; 1^1,2 

in the clockwise order. 

We note that ri,r 2 can be arbitrarily small provided that the above separation condition is satisfied. 
Then 

Theorem 15 (\32f) We suppose Assumption A. Let > on and jj € C 4+Q (£l), j = 1,2 for some 
a > 0. Assume A 7l (Ti,T 2 ) = -4 72 (ri,r 2 ) and that (71 — 7a)|r 1 ur a = ^;(7i — 72)|r, =0, where C Ti ur 2 
is some open set. Then 7l = 7 2 on Q. 

Next for the Schrbdinger equation L q (x,D)u = Au + qu = in Q, we consider the problem of deter- 
mining a complex-valued potential q by the following Dirichlet-to-Neumann map: 

du 

A 9,r!,r 2 (/) = t- , where L q (x,D)u = in Q, u|r ur 2 = 0, u\ Fl = f, ueH 1 ^). (251) 

OV T2 

Next we state the corresponding result for the Schrodinger equation. 

Theorem 16 f\32^) We suppose Assumption A. Let qj E C 2+a (£l), j = 1,2 for some a > and let qj be 
complex-valued. If 

Agi,ri,r2 = A 92 ,ri,r 2 , 

then we have 

qi = q2 in Q. 

Proof of Theorem 1151 If u is some solution to the conductivity equation then the function u* = u^y 
solves in domain 51 the Schrodinger with the potential q = — A J^ . We claim that the Dirichlet-to-Neumann 

maps (|250p for the Schrbdinger equations with potentials qj — — —^=f are the same, provided that the 
Dirichlet-to-Neumann maps (|250l) are the same. Indeed let / e L 2 {d$l), supp/ C Setting / = f /yfyj we 
have that A 11 T 2 )(/) = Ay 2 (ri,r 2 )(/). Denote by Uj the corresponding solutions to the conductivity 
equation (|250l) with the Dirichlet boundary condition /. Then Uj = Uj^fTj is the solution to the Shrodinger 
equation with the potential qj and the Dirichlet boundary condition /. Observe that 



j it r\if\ dlll \ d("iV7i) i vgrggi , Vj2~du 2 i d{u 2 ^/yi) , du 2 

-4 7l (l 1,1 2){J) = -5— r a t. r 2 - — 5 r 2 - — ~ r 2 = 5 r 2 - r 2 - AMI i,l 2 (J ■ 

ov ov ov ov ov ov 



Applying the theorem [TC] we obtain that q\ = q%. Then the function w — ^/7i — y/j2 verifies 

a A \/72 n . o I dw l n 

Aw -—w = mil, w\on = -5- r. = 0. 

V72 ov 



Applying to the above problem the classical unique continuation for the second order elliptic operator (see 
e.g. Corollary 2.9 Chapter XIV of [73]), we obtain 71 = 72. ■ 
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5 Calderon's problem for semilinear elliptic equations 

In this section, we assume that T C dft is an arbitrarily fixed relatively open subset of <9ft. 
Consider the following boundary value problem: 

P{x,D)u = Au + q{x)u- f(x,u) = in ft, u\r = 0, (252) 

We introduce the Dirichlet-to-Neumann map A. q j: 

Kji.9) = ^\dQ\r , where P(x,D)u = in ft, u\r = 0, u|an\r = .9, ueH 1 ^). 

This section is concerned with the following inverse problem: Determine a coefficient q and a nonlinear 
term f from the Dirichlet-to-Neumann map A g j. 

In this section, we always assume that /, € C°(ft x R 1 ). We state other conditions on semilinear 

terms /: 

f( x ,0) = |^(x,0) =0, zeR 1 (253) 
and for some positive constants p > 1, C\, C 2 , the following holds true: 

f(x,y)y>C 1 \y\P +1 -C 2 , V(z, y) e ft x R 1 . (254) 
Moreover for some p\ > 0,P2 > 0, C3 > and C4 > 0, the following inequalities holds true: 



df, . 



<C 3 (l + |yr), 



a 2 / 



< C 4 (l + |2/T 2 ), V(x,y) e ft x R 1 . (255) 



<9y 2 

The first result is concerned with the uniqueness in determining a linear part, that is, a potential q. 

Theorem 17 (fj^j) Let functions f x ,f 2 satisfy $25&\) . (25$ , 1255}) and qj G C 2+Q (ft), j = 1,2, with some 
a € (0, 1). Suppose that A 9l .^ = A g2 ./ 2 . TTien gi = (72 w ft- 

Theorem [T7J is concerned with the determination of potentials in spite of unknown nonlinear terms, and 
the proof is similar to Theorem [7J 

Remark 1. Since our assumptions on the potential q and nonlinear term f in general do not imply the 
uniqueness of a solution for the boundary value problem for the elliptic operator P{x,D), by the equality 
^■9i) h ~ Ag 2 ,/2> we fiiean the following: for any pair (v\,V2) such that 

dw 

Pi(x,D)w = Aw + q 1 w-fi(x,w) = 0, w\ To = 0, -^\ a n\r = v 2 , u>|an\r = "i 

there exists a function w € 7? 1 (ft) such that P2(x,D)w — Aw + q 2 w — f2(x,w) = 0, w\r = 0, {y|3n\r = v i 
and §^|df2\r = v 2 . 

Remark 2. Theorem^ is still true if condition \25J$ is replaced by following: there exists a continuous 
function G such that a solution to the boundary value problem 

P(x, D)u = in ft, u\on = g 

satisfies the estimate 

\\u\\ H r {n) <G(\\g\\ Him ). 



For any F(t) e C([0, 1]; C 2+ "(ft)) with a E (0, 1), we introduce the set 

O f = (J {(x,F(x,t))}. 
o<t<i,xeQ 
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Let 



Uj ={F £ C([0, l];C 2+a (n)); F(-,0) = u(-,t) := F(t) satisfies 
Au(x,t) +qju(x,t) - fj(x,u(x,t)) = 0, x G fi, t)|r = 0}, j = l,2. 

The next theorem asserts the uniqueness for semilinear terms k = 1, 2 in some range provided that the 
potential q is known: 



Theorem 18 (fj^j) Let qi = q 2 = q G C" 2+Q (fi) &e arbitrarily fixed. Let functions /i,/ 2 G C* 3+a (fi x M 1 ) 
/or some a £ (0, 1), satisfy ft254\ ), &255\) and /i(-,0) = /2(-,0) = 0. Suppose that K q j 1 — A q j 2 . Then 

fi ~ h = m Uje{i, 2 } Ufgw, ^ 

Corollary 19 Let q x ,q 2 G C 2+a {Ti) and let functions /i,/ 2 G C 3+a (fi x R 1 ) to£/i some a G (0, 1), sotis/i/ 
\253\) . Ij254\ ) and \255\) . Suppose that A Ql j 1 — A 92 ,/ 2 . Then q± = q 2 in Q and 

h - h = m U je{ i, 2 } Ufgw, C 1 ^- 

Corollary 20 Let qi,q 2 G C 2+Q (il) and let functions fi, f 2 G C 3+ "(R 1 ) be independent of the variable x 
with some a G (0, 1), and satisfy i253\) , j254\ ) and \255\) . Suppose that — A 92 j 2 . Then q\ = q 2 and 

fx = h ^ 

In fact, since fi, f 2 arc independent of x, Theorems fTTl and [TBI yields the conclusion. 
Remark 3. Under the condition of Theorem ] 11\ we can not completely recover the nonlinear term. Indeed, 

if p G C 2 (f2), p\on = 0, < on dft and p > in ft, under assumptions i25S\) and {25$ , we have the 
following a priori estimate proved in \2V$ : 

f p K (\Vu\ 2 + \u\ p+1 )dx < C 
Jn 

for u G H l {£l) satisfying P(x,D)u = in O. Here a constant C is independent of u and k depends on p. 
Such a estimate immediately implies that for any Oi CC O, there exists a constant C(Qi) > such that 

\H\c°(Th) ^ C(fl{). 

This estimate and \25J$ imply that for any x G f2i a nonlinear term f(x,y) in general can not be recovered 
for all sufficiently large y. 

The uniqueness results for recovery of the nonlinear term in the semilinear elliptic equation were first 
obtained for the case To = in three or higher dimensional cases by Isakov and Sylvester in |50j and in 
two dimensional case by Isakov and Nachman in [49]. It should be mentioned that their papers requires the 
uniqueness of solution for the Dirichlet boundary problem for the operator P{x, D). Later, by Isakov in |48j . 
this result was extended to the case of a system of semilinear elliptic equations with Dirichlet-to-Neumann 
map on a certain subboundary. Also see Kang and Nakamura |52j for determination of coefficients of the 
linear and the quadratic nonlinear terms in the principal part of a quasilinear elliptic equation. As for the 
determination of quasilinear part, see Sun |70j . In a special case where a nonlinear term is independent of x, 
the uniqueness was proved in determining such a nonlinear term from partial Cauchy data |47) . Moreover we 
note that in |47j and |50) . the monotonicity of f(x, u) with respect to u is assumed. In general, if a nonlinear 
term depends on x, u and the gradient of u, then it is impossible to prove the uniqueness even for the linear 
case. This can be seen by [40] if we consider the term —f(x, it, Vw) = A(x) ■ Vu + q(x)u. 

Theorem [18] is concerned with the determination of nonlinear terms and the proof needs a different 
ingredient from any previous arguments. Thus for completeness, we describe the proof from [42 a with 
modifications. 
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Proof of Theorem 1181 We set Pk(x,D)u = Au + q(x)u — f^(x,u), k = 1,2, and Ui t t(x) — u(x,t) g 
C([0, 1]; C 2+a (fl)) for some a G (0,1) be a function such that any t function ui tt (x), t G [0,1] solves the 
boundary value problem: 

Pi(x, D)u 1<t = in fi, u M |r o =0. 

Let u 2 , t G H 1 ^), t G [0, 1] satisfy 



P 2 (x,D)u 2 ,t = in ft, u 2 , t = u ht on 917, Vte[Q,l]. u 2 ,r G C([0, 1]; H x (0)). 
Then A^/j = A 9 j 2 yields 

\an\r =0, Vr G [0, 1J 



2,t 

dv dv 



By (|255p and the Sobolev embedding theorem, / 2 (-, u 2 ,t(-)) G £ K (ft) for any « > 1. The standard solvability 
theory for the Dirichlet boundary value problem for the Laplace operator in Sobolev spaces implies u 2 ,t G 
H 2 {Vt). Hence f 2 (; u 2 ,t(-)) G C* 5 (ft) for any 5 G (0,1). Then, since u 2 ,t G C 2+Q (<9ft), the solvability theory 
for the Dirichlet boundary value problem for the Laplace operator in Holder spaces implies u 2 _t G C 2+Q (ft). 
By the assumption, there exists a constant K > such that 

sup ||ui,t|| C 2 +Q m-| < K. (256) 
te[o,i] 

Next we show that 

u 2tt G C([0,l];C 2 + Q (ft)). (257) 

Indeed, suppose that at some point to G [0, 1] the function u 2jT is discontinuous. Then there exists a sequence 
tj — > to such that 

lim \\u 2}tj - u 2 ,t \\ c2 + a (Q) ^ 0. 

J— >+oo v ' 

Without loss of generality, by (|256l) we can assume that there exists a function u G H% (fi), u\r = such 
that 

9 

ui.tj — > w in H^i^t) as tj — > +oo 

and 

u^u 2M . (258) 

Obviously the function u satisfies 

P 2 {x,D)u = in ft, u|r o =0. 
In addition, since (u 2 ,t, ^r) = («i,t, % i ) G C([0, 1]; C 2+Q (<9ft) x C 1+Q (<9ft)), we obtain 

/~ M d(u-U 2 ,t ) | „ 

(«- U2,t )|ao\r = ^ |9n\r = u - 

Therefore w = u — it 2to satisfies 

L q ,{x,D)w = in fi, w|an\r = -^7;l9n\ro = 0. 



By the classical uniqueness result for the Cauchy problem for the second-order elliptic equation (see e.g., 
Chapter XXVIII, §28.3 of [27], Corollary 2.9, Chapter XIV of [73]) we have w = 0. This contradicts ([2581) . 
We claim that 

ui,t = u 2 ,t, Vte[0,l]. (259) 

Our proof is by contradiction. Suppose that for some to G (0, 1], this equality fails. Let i* be the infimum 
over such to when u\ t t — u 2i t holds. Since ui.o = u 2 fl, such infinum exists. 
Setting ut = U2,t — ux,t, we have 

Aw t - q (t,x)u t = -fi(x,u 1>t ) + f2(x,ui tt ) in ft, u t \en = 0, -^j|ao\r = °> ( 26 °) 
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where q (t, x) = -q(x) + J ^(x, (1 - s)u 2 ,t(x) + sui it (x))ds. 

Let <j) be a pseudoconvex function with respect to the principal symbol of the Laplace operator. Applying 
the Carleman estimate (|T7| with boundary term to equation (|260[) . there exists To such that: 

V^\\e T ^u t \\ m ,r {n) <C||e T *(/i(-,ui, t )-/2(-,«i,t))|U a (n), Vr > r . 
Fixing a large t > arbitrarily, we have 

IKHffi(fi) < C||/i(-,ui, t ) - / 2 (-,wi,t)||L 2 (o), Vi € [0,1], 
and by the elliptic estimate, we obtain 

||wt||H2(n)<C||/i(-,ui ! t)-/ 2 0,w 1)t )|| i 2 (n) , Vie [0,1], (261) 

where the constant C > depends on fixed r. 
Consider the boundary value problem 

dfk ~ 

Av kt + q{x)v kt k-{x, Uk,t)vk.t - fk{x, v k ,t) 

ay 



Av kyt + q(x)v k ,t ~ fk(x,v k ,t + u k ,t) + fk(x,u k ,t) = in Q, V k ,t\r = 0, 

dy 



where f k (x, w) = f k (x, w + u k ,t) - fk(x, u k>t ) - ^-(x, u kit )w. Obviously the functions f k satisfy (|253|) . (|254j) 
and (|255j) . Moreover 

Indeed, consider the pair (wi,w 2 ) such that u>2 = A _a/ 1 , s r (wi). Let w G if (fi) be the solution 
to the boundary value problem 

dfi ~ 

Aw + qw - — (j:,'ui ii )w-/ 1 (i,w) = in fi, iu|r = 0, w\ dn \ ro = wi 

such that f^|an\r = 

On the other hand, the function w + u± t t solves the boundary value problem 

A(w +«i,t) + q(w + ui ;t ) - fi(x,w = in Q, (u> + Wi,t)|r = °- 

Let u satisfy 

Au + qu- f 2 (x,u) = inQ, 2|r = (263) 

and 

u = w + ui tt on afi\r . (264) 

In general, a solution to problem (|263[) and (I264p is not unique, but thanks to the assumption A^/j = A g j 2 , 
we can assume that 

9m <9(w + u M ) 

— = — ondfl\F . 

ov ov 

Setting w = u — u 2> t, we obtain 

df 2 ~ 
Aw + qw - -Q- (x,U2,i)w - f 2 (x,w) = in O, w|r = 0. 

Then on 951 \ To we have 

W — W = (u - U2,i) — (« — Ul,t) = - U2,t = 

and _ _ 

dw dw du du 2 j dw dw du\ t t du 2 ,t dw 

dv dv dv dv dv dv dv dv dv 
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Therefore w — w\ and ^ = w 2 on dfl \ Tq. Hence for the pair (w±, w 2 ) we have w 2 — A a/ 2 , . r (wi). 
We can similarly prove the reverse inclusion, that is, if (wi, W2) is a pair such that W2 = A , , j (wi), 
then there exists a function w* G that solves the boundary value problem 

Aw, + <?w* - — (x,u 2 , t )w* ~ h(x, w*) = in 17, t0*|r o =O, w*|an\r = w i- 



such that Un\r = w 2- Therefore we have proved (|262[) 

Therefore we can apply Theorem [17] to this equation. Hence we have the uniqueness for the potential, 
that is, 

-5— 0&,«i,t) = -5— (x,u 2 ,t) infi, Vt€[0, 1]. 
oy oy 

Denote S(i) = ||u M - ui,t»|| C o(n) + \\ u 2,t - U2,t,\\c o (Uy ^ ince M M. = U2 >** in ^ we nave h(. x i u i,t«) 
^ u i,U — & u 2,t„ — /aOcj Wi,t„) in Therefore 



(265) 



ui, t (x)) - f 2 (x,ui tt (x)) 



f UlAx) fdh df 2 \ 



If s G (tti ! {„(x),Wi 1 t(a;)), then, by the continuity of ui^(x) with respect to t and the intermediate value 
theorem, there exists to(s,x) G [0, t] such that s = Ui 1 t (a,x)( a; )- Hence 

fl(x,Ui lt (x)) - h{x,Ul,t{x)) = J ^ ^ ^j^(x, Ul Ms,x)( x )) - u l,to(s,x)( x ))J ds - 

Applying (|265|) and f)256|) . we have 



/1 (a;, 7/1,4(2;)) - /2(ar,«i,i(a;)) 



< 
< 



■^■( a; ) lt 2,to(8,x)(^)) - -^"(^^l.ioCs.x)^)) ) rfs 



5 2 / 2 



<9y 2 
2 



<9y 2 



sup IK^- u 2 ~){x)\E(t) 

C°(Qx[-K,K}) te(0,t) 

sup |(w 14 r-M 2 j)(x)|S(i). (266) 

c°(nx[-K,K]) te(t»,t) 



In order to obtain the last inequality, we used the fact that u 1 r— u 2 j = for all t from [0,f*]. Therefore 
inequality (|266p implies 



sup H/ifoujj) - ^(x,^ j)|U=(n) <CS(i)_sup \\u x j- U 2 j\\ L 2 (n) . 
*e(i*,t) £e(t»,t) 



(267) 



From (|26T|) and (|267l) . we obtain 



|KHff2 ( n) < C3(t) sup \\u l j- u 2 ~\\ L 2 {n) , Vie(i*,t). 
fe(t»,i) 



This implies that 



sup ||uj||H 2 (n) < CH(i)_sup ||u^|i2(n). 
te(t,,t) te(t»,t) 



(268) 



From (|268[) and the fact that S(t) goes to zero as t — > t*, we obtain that there exists t > such that 
Mi,t = w 2,t for all t from (t*,i). We reach a contradiction. Equality (|259j) is proved and the statement of the 
theorem follows from it and (|265p . ■ 
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6 Uniqueness by Dirichlet-to-Neumann maps for the Lame equa- 
tions and the Navier-Stokes equations 



We discussed the uniqueness for inverse boundary value problems for systems for elliptic equations with the 
same principal parts in Section 4. In addition to such elliptic systems, there are other important elliptic 
systems in mathematical physics. In this section, we survey recent results for for the Lame equations and 
the Navier-Stokes equations. 



6.1 Three dimensional Lame equations 

Let SI C I 3 be a bounded domain with smooth boundary dfl. Let v — (vi, 1/2,1*3) be the outward unit 
normal vector to dfl. 
Assume that 

fi(x) > 0, (3\ + 2n)(x) > onfi 

and set 

Cijki = X{x)5ij8kt + fi(x)(SikSj£ + SuSjk), 

for 1 < k,£ < 3, where 5y = if i ^ j and 8a = 1. We call functions A and /i the Lame coefficients, 
u{x) = (ui(x),U2(x),u^(x)) is the displacement. We set 

\j,k,e=l 3 v 1 7 j,k,i=l ■> x 1 / j,k,£=l 3 x ' j 

Let To be an arbitrarily fixed subboundary. We define the Dirichlet-to-Neumann map Ax,^,r 011 To as 
follows. 

j,k,t=i j,k,e=i j.k.e=i J dn\r 

where 

C\,»{x, D)u = in il, u\r a = 0, u|an\r = /• 

We are concerned with the uniqueness in determining A, [i by Ax^iv 
Then we can prove 

Theorem 21 Let fl € M 3 be a bounded domain with smooth boundary and let us assume that 

/xi,/i2 are some positive constants 

and that Ai,A2 G C°°(Q) satisfy Ai = A2 on Tq. Then A\ lifll .r„ = A,\ 2iM2 ,ro implies that Ai = A2 and 
/ii = fi2 in CI. 

For the proof, one refers to Imanuvilov, Uhlmann and Yamamoto |34) . 

We can similarly formulate the two dimensional case and Imanuvilov and Yamamoto [39] recently proved 
a result similar to Theorem [21] 

Theorem 22 Let il £ M 2 be a bounded domain with smooth boundary and let us assume that 

fj.i,fi2 are some positive constants 

and that Ai, A2 G C 4 (Q). Then A^l^To — ^A 2 .p2,r implies that Ai = A2 and fii — {i 2 in 

The result of Theorem (2D is stronger than Theorem [5T] for the three dimensional case: no information 
on the trace of the Lame coefficients Xj is required on Fo and only the finite-order regularity of the Lame 
coefficients is assumed. 



49 



This inverse problem has been studied since the 90's. Ikehata [55] discussed a linearized version of 
this inverse problem for the Dirichlet-to-Neumann map on the whole boundary (i.e., Tq = 0), and in two 
dimensions, Akamatsu, Nakamura and Steinberg [5] proved that the Dirichlet-to-Neumann map on the whole 
boundary can recover the Lame coefficients and its normal derivatives of arbitrary orders on the boundary 
provided that the Lame coefficients are C°° -functions. As for higher dimensional case, see Nakamura and 
Uhlmann [63]. In |61] Nakamura and Uhlmann proved that the Dirichlet-to-Neumann map on the whole 
boundary in two dimensions uniquely determines the Lame coefficients, assuming that they are sufficiently 
close to a pair of positive constants. 

In the three dimensional case, Eskin and Ralston [19] proved the following uniqueness by Dirichlet-to- 
Neumann map Ax,u,0 on the whole boundary: 

Theorem 23 Let Ay, fij, fij 1 , j = 1,2, be in a bounded set B in C*(0) with sufficiently large k e N. 
Then there exists e(B) > such that A\ lt a 1 ,id — A-A 2 ,At2,0 implies Ai = A2 and /ii = fi2 in Q provided that 



See also [20]. The proof relies on construction of complex geometric optics solutions (e.g., Eskin [18]). The 
proof of Theorem [5T] is based on [T^] . Similar attempt has been done in Nakamura and Uhlmann [62 . We 
note that all the above works except for [35] needs the Dirichlet-to-Neumann map on the whole boundary. 

6.2 Navier-Stokes equations 

Let O C 1R 2 be a bounded domain with smooth boundary. We define 



where u G H 2 (£l) and p £ iJ 1 (SI) satisfy P M (u,p) = 0, div u = in fl and u\gn = f ■ 

Then we can prove the uniqueness in determining the viscosity by the Dirichlet-to-Neumann map. 

Theorem 24 We assume that <9"/ii = d"p-2 on dQ for each multi-index a with \a\ < 1. // A Ml = A M2 , then 
/ii = fi2 in Q. 

The proof is given in a forthcoming paper. In the three dimensional case, the uniqueness is proved in Heck, 
Li and Wang [24] for the Stokes system and in Li and Wang [58] for the Navier-Stokes equations. 

7 Appendix 

Here we prove several technical propositions used in the previous sections. Let G C M 2 be a bounded domain 
with smooth boundary, <fi £ C°°(f2) be some function, and A € R 1 be a parameter. Consider the following 
integral 



Definition. Let A be a symmetric n x n square matrix, A 1 exists and Ai, . . . , A„ be the eigenvalues of this 
matrix counted with the multiplicities. Then 



ll v Mc*-i(n) < e ( B )> J = 




We define the Dirichlet-to-Neumann map on the whole boundary by 



A M / = — on d£l 




sgn A = [number of positive eigenvalues] — [number of negative eigenvalues] . 
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Let a function <p have a finite number of critical points on f2. We denote these points as x\, . . . , xg. Assume 



that 

det H^(x) 7^ Vx € {x\, . . . ,xi}. 
The following is proposition proved in [7]: 
Proposition 15 Let hold true. If g £ Cg°(G), then 

J ( A ) = tL — / . ■ ^ ^°(t) as A^+oo. 



(269) 



A 



A' 



j-=i y/detH^xj) 
If a function <fi does not have critical points on dVL and g £ C°°{G), then 



m _ 2tt g^.yx^+^-sgnH^) 1 



iX 



1 



' 2* e <*(-W + o(±) as A^+c 
og ov A 



j=x V detH^Xj) 

Using Proposition [T21 we prove the following asymptotic formula. 
Proposition 16 Let $ satisfy UJM and (85\) . For every g £ C^°(fl), we have 

^-% = f ^^Uo(-) as r^ + oo. 
f^rKdetH^ix^ V 



(270) 



(271) 



(272) 



Proof. Since the function $ is holomorphic, the real part (p and the imaginary part tp of $ satisfy the 
Cauchy-Riemann equations: 



Hence %4 



d 2 4> 



d(p dip , d(p 
dx\ 8x2 dx2 
and the Hessian matrix has the form 



/ d 2 <p d 2 4> 
tt I dx'i dxi i).r 2 

tlA, — Q 2l 



dip 
dx\ 



& 2 <t> 

■> dx±dx2 



dx'i 



and det H<f, = -(f^) 2 - {q^§t 2 ) 2 ■ 

Since all the critical points of the function $ are nondegenerating, we 
have 

detH^x) < 



_9>_\2 



if a; is a critical point of the function <p. Then the eigenvalues of the matrix are ±y — det H^. Hence 
sgnH^ — 0. Hence, applying formula (I27ip with A = 2r, we obtain (|272[) . ■ 

Proposition 17 Lei $ satisfy \84\) and k85\) . For every g £ L 1 (17), we have 

ge r ^ ^dx — > as r — > +oo. 



Proof. The space C£°(fi) is dense in i 1 (il), and so for any e > there exists a function g e £ C^°(ft) 
such that 

\\9- 9ehi(Q) < e/2. 
On the other hand by Proposition I16[ we have 

7 - g e )e T ^^' s '^dx -> as r -> +oo. 

Then for any positive e there exists r e such that 



< 



(.9 - ffe )e r( *-* ) dss 



e 

< - 
~ 2 



The proof of the proposition is complete. 
We have 
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Proposition 18 Let g € C l {d£l \ Tg) and a holomorphic function $ satisfy The 

ge T ^~^dx = as r — > +00. 

an\r* 



(273) 



Proof. Without loss of generality, using the partition of unity if necessary, we can assume that d£l \ Tq 
is a segment [c, d]. Moreover, since Cq°(c, d) is dense in L l {c, d), we can assume that g G C£°(c,d). Since 
the function $ belongs to C 2 (f2), the set is closed on dft \ Tq. For any positive e, consider the set 
J e = {x G dfl \ T*\dist(x, J) < e}. Observe that 



lim mes{J t ) = 0. 



Then 



ge 



T( * ^dx < \\g\\ c a id mmes(J e ) 



Je 



Let e be sufficiently small. Consider the set (dfl \ Tq) \ J^e- This set is the union of non-intersecting open 
intervals where the distance between any two intervals is greater than or equal to 2e. Consider an arbitrary 
interval (a, b) C (dfl \ Tq) \ J 2t such that 

a€j 2£ U{i-} and b € J 2e U (274) 

Consider a function e ai b € Co°(a — e/4, 6 + e/4) such that 

0<e aib (s)<l Vxe (a -e/4, 6 + e/4), e Q , 6 | (a , 6) = 1, |< i6 | < K(e), 

where K is independent of a, 6. Then we construct a function g e in the following way: for any interval (a, b) 
which satisfies (|274p , we set g e — e a ^g- The function g e has the following properties 



and 



\g e (x)\ < \g(x)\ Vx e dtt \ V*, g = g ( on (90 \ rj) \ J 2e 

3e e c x ((90 \ r*) \ j 2e ), su PPff£ c {dn \ r*) \ jr.. 

By (H75I) and f27S|) . we have 



(275) 
(276) 



ge T ^-^dx= I ge 
ao\rs J(dn\T*)\j 2 , 



f ge r( *- $) dx+ f ge T ^~^dx 



g e e T ^~^dx+ / ge T ^-^dx 
{dn\r*)\j 2c Jj^ 

e T ^-^dx+ [ g e e T ^~^dx+ [ ge^'^dx. 



By ([275]) we have 



J 2e \J? 



g e e^-^dx + I ge 
lj 2 . 



T ^-^dx 



< 



g e e T ^-^dx\ + | / ge^-^dx 



< 



/ \g\dx+ \g\dx<2 \g\dx < 2\\g\\ c o {dn) mes(J 2 e) 

Jj 2 ,\j7 r Jj 2t Jj 2 . 

z' 



Observe that by (I276P we see 



(277) 



(278) 



(279) 
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Now we estimate the first term on the right-hand side of (|277l) : 



{dn\vi)\j x Jdn\r* Jon\r* 



ft, ( J^P) e r(*-*) dx . 



ldQ\T* 

By (|279j) and Proposition [TT1 we have 



(280) 



g^-^dx as r -> +oo. (281) 

7 , 
T 

From (T25T1) and (12751) we obtain {273}. 



(an\r*)\j7 e 

1^ 



Proposition 19 There exists a holomorphic function wq € C +a (£l) swc/i 

Um J^ML = , Vt/e^nrs, Wo (£)^0. (282) 
a;->j/ \x — y| yo 

Proof. Let us fix a point x from 'H. In order to prove this proposition, it suffices to construct some 
holomorphic function a(z) e C 7 (fl) which is not identically equal to any constant, satisfies Ima\r = and 
vanishes at each point of the set T-LDTq. Then we set wo = a 100 and this is the desired function. 

Let b(z) be a holomorphic function in il such that Re6|r = 0, ||b — N\\ c0< j-^ << 1 and \b(x) — 1| < 14. 
Such a function exists for any positive N by Proposition 5.1 of [30]. If b(xe+i) ^ 0, then we consider the 
new function b\ = b — b 3 /b 2 (xe+i). Obviously 

Re&i|r = 0, &i0E£+i) = 

and b\ is not identically equal to some constant. If b(xi + i) = 0, then we set b\ = b. 
If bi(xe+ 2 ) 7^ 0, then we consider the new function b 2 = b\ — b\/b\{xi +2 ). Obviously 

R.e& 2 |r o =0> h(xe+i) = b 2 (x e+2 ) = 

and b 2 is not identically equal to any constant. If 61(^+2) = 0, then we set b 2 — b\. Repeating this procedure 
(! — 2 times and as the result, we obtain the holomorphic function a with the prescribed properties, provided 
that N is sufficiently large. ■ 

Proposition 20 Let Q C M 2 be a bounded domain with the smooth boundary, V € O (dCl) satisfy 

[ VP{pi - iv 2 )do = 0, WP(z) e Hi(Q). 

Then there exist an antiholomorphic function O £ H^iTl) such that 0|ajj = V. 
Proof. Consider the extremal problem: 

J($) = ||V-$||| 2(an) ^inf, (283) 

— =0 infl (284) 
oz 

Denote the unique solution to this extremal problem (|283l) . (|284[) by 'J. Applying Lagrange's principle, we 
obtain ^ 

Re(V - * J) L 2 ( an) = (285) 



53 



for any 5 from H 2 (fi) such that 

95 



in ft 

oz 



and there exists a function P € (f2) such that 

<9P 



in (286) 



(v 1 -iv 2 )P = V-V ondn. (287) 

From (I285p . taking 5 = we have 

Re(V-$,*) L2(ao) = 0. (288) 
By (|286[) . (|287l) and the assumption of the proposition, we obtain 

Re(V - % V) L 2 (m) = Re((z/i + iv 2 )P, V) L 2 [dn) = Re(P, {v x - iv 2 )V) L ^dn) = 0. 
By ([T96| and (f288|) we see that 

J($) = 0. 

The proof of the proposition is complete. I 
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